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ON THE STANDING WAVES FOR THE X-RAY FREE ELECTRON LASER
SCHRO¨DINGER EQUATION
BINHUA FENG AND TINGJIAN LUO
Abstract. In this paper, we are concerned with the standing waves for the following nonlinear
Schro¨dinger equation
i∂tψ = −∆ψ + b
2(x21 + x
2
2)ψ +
λ1
|x|
ψ + λ2(| · |
−1 ∗ |ψ|2)ψ − λ3|ψ|
p
ψ, (t, x) ∈ R+ × R3,
where 0 < p < 4. This equation arises as an effective single particle model in X-ray Free Electron
Lasers. We mainly study the existence and stability/instability properties of standing waves for
this equation, in two cases: the first one is that no magnetic potential is involved, (i.e. b = 0 in
the equation) and the second one is that b 6= 0. To be precise, in the first case, by considering a
minimization problem on a suitable Pohozaev manifold we prove the existence of ground states,
and show further that all ground state standing waves are strongly unstable by blow-up in finite
time. Moreover, by making use of the ideas of their proofs, we are able to prove the existence
and instability of normalized solutions, whose proofs seem to be new, compared with the studies
of normalized solutions in the existing literature. This study also indicates that there is a close
connection between the study of the strong instability and the one of the existence of normalized
solutions. In the second case, the situation is more difficult to be treated, due to the additional
term of the partial harmonic potential. We manage to prove the existence of stable standing waves
for p ∈ (0, 4) and with some assumptions on the coefficients, where solutions are obtained as global
minimizers if p ∈ (0, 4
3
], and as local minimizers if p ∈ [ 4
3
, 4). In the mass-critical and supercritical
cases p ∈ [ 4
3
, 4), we establish the variational characterization of the ground states on a suitable
manifold which is different from the one neither of the Nehari type nor of the Pohozaev type, and
then prove the existence of ground states. Finally under some assumptions on ω and p, we prove
that the ground state standing waves are strongly unstable.
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1. Introduction
In this paper we consider a first-principles model for beam-matter interaction in X-ray free
electron lasers (XFEL) [13, 20]. The fundamental model for XFEL is the following nonlinear
Schro¨dinger equation (NLS) i~∂tψ = (i~∇−A)
2ψ + λ1|x|ψ + λ2(| · |−1 ∗ |ψ|2)ψ − λ3|ψ|pψ, (t, x) ∈ R+ × R3,
ψ(0, x) = ψ0(x).
(1.1)
The coefficients λ1, λ2, λ3 ∈ R and the exponent p ∈ (0, 4). ~ is supposed to be a scaled version
of the Planck constant, which, without loss of generality, shall be set equal to 1 in the sequel. A
solution ψ of this NLS can be considered as the wave function of an electron beam, interacting
self-consistently through the repulsive Coulomb (Hartree) force with strength λ2, the attractive
local Fock approximation with strength λ3 and interacting repulsively with an atomic nucleus,
located at the origin, of interaction strength λ1, see [13, 20]. Since XFEL is more powerful by
several orders of magnitude than more conventional lasers, the systematic investigation of many
of the standard assumptions and approximations has attracted increased attention.
However, to the best of our knowledge, there are only a few mathematical results on equation
(1.1), despite the important significance of the involved applications (see [13, 20] and their refer-
ences given there). Recently, when the magnetic potential A depends only on time t, Antonelli et
al. in [1] investigated the asymptotic behavior of solution of equation (1.1) with 0 < p < 43 in the
highly oscillating regime. Antonelli et al. in [2] considered similar problems by numerical simula-
tions. The first author has extended the study of Antonelli et al. in [1] to power nonlinearity with
exponent 0 < p < 4 and proved the stronger form of convergence, see [15]. In [18], the first author
and Zhao systematically investigated the local and global well-posedness, the H2A regularity for
equation (1.1) with general time-dependent electromagnetic field and Coulomb potentials. Based
on these results, optimal bilinear control problem for (1.1) has been investigated in [19].
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In this paper, we consider the potential A defined by
A(x) = b(−x2, x1, 0), for x = (x1, x2, x3) ∈ R3, b ∈ R, (1.2)
which is the vector potential of the constant magnetic field B = rotA(x) = (0, 0, 2b). Due to
divA(x) = 0, it follows that
(i∇−A)2u = −∆u− 2iA(x) · ∇u+ |A(x)|2u = −∆u− 2i∂u
∂θ
+ b2ρ2u,
where the following cylindrical coordinates (ρ, θ, z) in R3 are used
x1 = ρ cos θ, x2 = ρ sin θ, x3 = z.
Therefore, the equation (1.1) can be transformed to i∂tψ = −∆ψ + b
2(x21 + x
2
2)ψ +
λ1
|x|ψ + λ2(| · |−1 ∗ |ψ|2)ψ − λ3|ψ|pψ, (t, x) ∈ R+ × R3,
ψ(0, x) = ψ0(x).
(1.3)
The Cauchy problem for (1.3) is locally well-posed in the energy space X, see the details in
Proposition 2.1, or Theorem 9.1.5 in [12] and Theorem 3.1 in [18]. Here, the energy space X for
(1.3) is defined by
X :=
{
u ∈ H1(R3) :
∫
R3
(x21 + x
2
2)|u|2dx <∞
}
,
with the norm
‖u‖2X := ‖∇u‖2L2 + ‖u‖2L2 +
∫
R3
(x21 + x
2
2)|u(x)|2dx.
In this paper, we will systematically study the standing waves of (1.3), which are of the form
ψ(t, x) := eiωtu(x), ω ∈ R. Then equivalently we turn to study the following stationary equation:
−∆u+ ωu+ b2(x21 + x22)u+
λ1
|x|u+ λ2(| · |
−1 ∗ |u|2)u− λ3|u|pu = 0, x ∈ R3. (1.4)
The equation (1.4) is variational, whose action functional is defined by
Sb,ω(u) := Eb(u) +
ω
2
‖u‖2L2 , (1.5)
where the corresponding energy Eb(u) is defined by
Eb(u) :=
1
2
‖∇u‖2L2 +
b2
2
∫
R3
(x21 + x
2
2)|u|2dx+
λ1
2
∫
R3
|u|2
|x| dx
+
λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3
p+ 2
‖u‖p+2Lp+2 . (1.6)
Clearly Sb,ω(u) is well-defined and of class C
1 in X. The set of all ground states for (1.4) is defined
by
Gω := {u ∈ Aω : Sb,ω(u) ≤ Sω(v), ∀ v ∈ Aω}, (1.7)
where
Aω := {v ∈ X \ {0} : S′b,ω(v) = 0},
is the set of all nontrivial solutions for (1.4).
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We shall focus on the existence, stability and strong instability of ground state standing waves.
Note that since the action functional for (1.4) includes six terms with different scaling rates, there
are several essential difficulties in our analysis. We recall that action functionals only including four
terms, which corresponds on some of the coefficients in (1.4) vanishing, the standing waves involved
normalized solutions and stability/stability, have been studied by [3, 4, 5, 6, 7, 14, 16, 17, 21, 22,
23, 32, 33, 34, 37]. In these studies, we see particularly that there are some essential differences
between b = 0 and b 6= 0, where the latter is more difficult to treat in analysis. Consequently, in
what follows we divide this paper into two parts.
In the first part of the paper, we consider the situation where the magnetic potential is not
involved, namely, A = 0 or equivalently b = 0 in (1.3). In this case, the corresponding stationary
equation is then just
−∆u+ ωu+ λ1|x|u+ λ2(| · |
−1 ∗ |u|2)u− λ3|u|pu = 0, x ∈ R3. (1.8)
The corresponding action functional associated with (1.8) is reduced to
Sω(u) := E(u) +
ω
2
‖u‖2L2 , ∀u ∈ H1, (1.9)
where the energy is defined by
E(u) :=
1
2
‖∇u‖2L2 +
λ1
2
∫
R3
|u|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3
p+ 2
‖u‖p+2Lp+2 . (1.10)
In the mass-subcritical case 0 < p < 43 , all solutions of (1.3) exist globally, see [18, Theorem 3.5].
When b = 0, λ1, λ3 > 0 and λ2 < 0, Li and Zhao [29] proved that the standing waves of (1.3) are
orbitally stable. In the mass-critical and supercritical cases 43 ≤ p < 4, the solution ψ(t) of (1.3)
may blow up in finite time, see [12, Remark 9.2.10]. We can prove that any ground state standing
wave of (1.3) with b = 0 is strongly unstable by blow-up. To do this, we first establish the following
variational characterization of ground states related to (1.8) on the Pohozaev manifold.
Proposition 1.1. Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0 and 43 ≤ p < 4. Then, u is a ground state related
to (1.8) if and only if u solves the following minimization problem:
d(ω) := inf{Sω(v) : v ∈ H1\{0}, Q(v) = 0}, (1.11)
where Q(v) is the Pohozaev functional of (1.8) defined by
Q(v) :=∂λSω(vλ)|λ=1 = ‖∇v‖2L2 +
λ1
2
∫
R3
|v|2
|x| dx
+
λ2
4
∫
R3
(|x|−1 ∗ |v|2)|v|2dx− 3λ3p
2(p + 2)
‖v‖p+2Lp+2 , (1.12)
with vλ(x) := λ
3
2 v(λx).
Remark 1.1. When λ1 = 0, this result has been established in [16, Lemma 3.7]. Here, we
extend [16, Lemma 3.7] to the case λ1 > 0 and provide a simpler proof. In particular, the proof
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of S′ω(u) = 0 (see Lemma 3.5) contains some very general methods that may be useful for other
related problems, see e.g. Lemma 6.3. Moreover, this method provides also a simpler proof for
[35, Theorem 3.2]. In addition, in order to solve the minimization problem (1.11), we consider an
equivalent minimization problem (3.3), which can be easily solved by using the Brezis-Lieb lemma.
Based on the minimization problem (3.3), we obtain also the sharp threshold of global existence
and blow-up, the strong instability of ground state standing waves. For this aim, we introduce the
following invariant sets:
Aω := {v ∈ H1 : Q(v) > 0 and Sω(v) < Sω(u)},
Bω := {v ∈ H1 : Q(v) < 0 and Sω(v) < Sω(u)},
where u is a ground state related to (1.8).
Theorem 1.2. (Global versus blow-up dichotomy) Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0 and 43 ≤ p < 4.
Then, Aω and Bω are invariant under the flow of (1.3) with b = 0. More precisely, if ψ0 ∈ Aω or
ψ0 ∈ Bω, then the corresponding solution ψ(t) ∈ Aω or ψ(t) ∈ Bω for any t ∈ [0, T ∗), respectively.
Moreover, we can obtain the following sharp threshold of global existence and blow-up for (1.3)
with b = 0.
(1) If ψ0 ∈ Aω and 43 < p < 4, then the corresponding solution ψ(t) of (1.3) with b = 0 exists
globally in time.
(2) If ψ0 ∈ Bω and xψ0 ∈ L2, then the corresponding solution ψ(t) of (1.3) with b = 0 blows
up in finite time.
In the mass-critical case p = 43 , the argument for global existence in Theorem 1.2 (1) does not
work any more. However, we can obtain the following sharp threshold of global existence and
blow-up in this case.
Theorem 1.3. Let λ1 ≥ 0, λ2, λ3 > 0, and p = 43 . Assume that R is the unique ground state of
the Schro¨dinger equation
−∆w + w + |w| 43w = 0 in R3. (1.13)
Then we have the following sharp criteria for global existence and blow-up of (1.3) with b = 0.
(1) If the initial data ψ0 satisfies ‖ψ0‖L2 ≤ λ−
3
4
3 ‖R‖L2 , then the corresponding solution ψ(t)
exists globally in time.
(2) For any ρ > λ
− 3
4
3 ‖R‖L2 , there exists ψ0 ∈ H1 such that ‖ψ0‖L2 = ρ and such that the
corresponding solution ψ(t) blows up in finite time.
Remark 1.2. When λ1 = λ2 = 0, there exists an initial data ψ0 such that ‖ψ0‖L2 = λ−
3
4
3 ‖R‖L2
and such that the corresponding solution ψ(t) blows up in finite time, see [12, Remark 6.7.3]. When
λ2 > 0, i.e., in the defocusing case, we prove that all solutions of (1.3) with ‖ψ0‖L2 = λ−
3
4
3 ‖R‖L2
exist globally.
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Theorem 1.4. Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0, 43 ≤ p < 4, u be the ground state related to (1.8).
Then, the standing wave ψ(t, x) = eiωtu(x) is strongly unstable in the following sense: there exists
{ψ0,n} ⊂ H1 such that ψ0,n → u in H1 as n → ∞ and the corresponding solution ψn(t) of (1.3)
with initial data ψ0,n blows up in finite time for any n ≥ 1.
Remark 1.3. To prove this theorem, our argument relies heavily on the property of function
f(λ) := Sω(vλ) with vλ(x) := λ
3
2 v(λx). That is, f(λ) has an unique critical point on (0,∞),
which is the maximum point of f(λ) on (0,∞) in the mass-supercritical case, see Lemma 3.1. In
fact, many known physical models enjoy this property. For example, NLS or Davey-Stewartson
system with combined focusing mass-supercritical and defocusing mass-subcritical nonlinearities
(see [34]), the mixed dispersion NLS (see [6, 7]) and so on. Moreover, we think that our method is
robust and can be applied to many other models, only if the corresponding function f(λ) = Sω(vλ)
has an unique critical point on (0,∞). In particular, the idea of this proof can be also applied to
prove an existence result of normalized solutions in the mass-supercritical case, see the following
Theorem 1.5, which shares a common character that the scaling function f(λ) = Sω(vλ) has an
unique critical point of maximum type on (0,∞). This indicates that there is a close connection
between the study of the strong instability and the one of the existence of normalized solutions.
Next, we consider the existence and properties of solutions to (1.8) having prescribed L2-norm.
That is, for any given c > 0, we study solutions of (1.8) satisfying the L2-norm constraint
S(c) := {u ∈ H1 : ‖u‖2L2 = c}, c > 0. (1.14)
Physically, such solutions are called normalized solutions of (1.8), which formally corresponds to
critical points of the energy functional E(u) restricted on S(c). In particular, in this situation, the
frequency ω ∈ R is an unknown part, which appears as the associated Lagrange multiplier.
In the mass-subcritical case, i.e. 0 < p < 43 , E(u) is bounded from below on S(c). Thus, for every
c > 0, ground states can be found as global minimizers of E|S(c), see [29]. In the mass-supercritical
case, i.e. 43 < p < 4, on the contrary, E|S(c) is unbounded from below for any c > 0. For this
reason, it is unlikely to obtain a solution to (1.8)-(1.14) by developing a global minimizing problem.
Instead, we minimize the functional on a Pohozaev manifold, which is indeed a submanifold of S(c).
On this submanifold, E(u) is bounded from below and coercive, and then we look for minimizers
of E(u) on it, to obtain the existence of a ground state. This idea has been carried out in many
cases, see for example [5, 30]. Here precisely, we introduce the following minimizing problem
γ(c) := inf
u∈V (c)
E(u), (1.15)
where the constraint V (c) is defined by
V (c) := {u ∈ S(c) : Q(u) = 0}. (1.16)
The identity Q(u) = 0 is the Pohozaev identity related to (1.8), namely any solution u to (1.8)
must satisfy that Q(u) = 0, see Lemma 2.6. Then the set V (c) is called normally a Pohozaev
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manifold. Note that V (c) is indeed a natural constraint in the sense that any minimizer of (1.15)
is a ground state to (1.8), where ω ∈ R appears as the corresponding Lagrange multiplier, see
Lemma 4.1. Our results are as follows:
Theorem 1.5. Let λ1 ≥ 0, λ2, λ3 > 0, and 43 ≤ p < 4. Then we have
(1) When 43 < p < 4, there exists a c0 > 0 such that for any c ∈ (0, c0), we have that γ(c) > 0
and γ(c) has a minimizer uc ∈ V (c). In particular, there exists a ωc > 0 such that uc is a
ground state solution to (1.8) with ω = ωc. Moreover, we have
‖∇uc‖L2 → +∞, ωc → +∞, E(uc) = γ(c)→ +∞, as c→ 0+;
(2) When p = 43 , then for all c ∈
(
λ
− 3
2
3 ‖R‖2L2 , (97)
3
2λ
− 3
2
3 ‖R‖2L2
)
, we have that γ(c) > 0 and γ(c)
has a minimizer uc ∈ V (c); for all c ∈ (0, λ−
3
2
3 ‖R‖2L2 ], the functional E has no any critical
point on S(c), where R is the unique ground state of (1.13);
(3) For any uc ∈ V (c) with E(uc) = γ(c), the standing wave ψ(t, x) = eiωctuc(x) is strongly
unstable.
Remark 1.4. We remark that when λ1 = 0 in (1.8) it is indeed the case considered by Bellazz-
ini et al [5]. In [5], the existence result was established for c > 0 sufficiently small, by considering
a related minimization problem as (1.15), and using a delicate mountain pass argument. However,
compared with [5], we provide here a simpler proof and avoid using the mountain pass argument.
Checking the proof of Theorem 1.5, one will find that we only need the following two points: the
special geometry of the scaling function f(λ) = E(vλ), namely the f(λ) has an unique critical
point of maximum point at (0,∞) (see Lemma 3.1), and the strict decrease property of γ(c) (see
Lemma 4.7). Note that the first point is important for establishing the existence of a critical point
for the functional, namely a solution, see also the case in Theorem 1.4. The second one is essential
to ensure that the critical point we find is indeed on the L2 constraint S(c). We believe that our
method is somehow quite general and can be applied to similar minimization problems in other
models, for example [6, 26, 36]. Notice that a function uc ∈ V (c) with E(uc) = γ(c) is indeed a
ground state, corresponding to some ωc ∈ R, at least for c > 0 small, ωc > 0, then the strong
instability in this theorem is naturally a consequence of Theorem 1.4.
In a second part of the paper, we analyze the situation when the magnetic potential A 6= 0
(namely b 6= 0 in (1.3)) is considered. Since the parameter b 6= 0 does not enter essentially into
the play in our analysis, we shall not clarify the assumption of b 6= 0 if b appears in the sequel.
To begin with, we establish the following the global existence of the solution of (1.3), which is
prerequisite for the orbital stability.
Theorem 1.6. Let ψ0 ∈ X, and ψ(t) be the unique solution of (1.3), with the initial data ψ(0) =
ψ0. Then ψ(t) exists globally in time, under each of the following assumptions:
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(1) λ1, λ2 ∈ R, λ3 < 0, 0 < p < 4;
(2) λ1, λ2 ∈ R, λ3 > 0, 0 < p < 43 ;
(3) λ1, λ2 ∈ R, λ3 > 0, p = 43 , ‖ψ0‖L2 < λ
− 3
4
3 ‖R‖L2 , where R is the unique ground state of
(1.13);
(4) λ1, λ2 ∈ R, λ3 > 0, 43 < p < 4. For every given κ > 0, there exists 0 < cκ < 1 such that
‖ψ0‖X˜ < κ and ‖ψ0‖L2 < cκ, where the norm ‖u‖X˜ is defined by
‖u‖2
X˜
:= ‖∇u‖2L2 + b2
∫
R3
(x21 + x
2
2)|u|2dx, b ∈ R. (1.17)
Remark 1.5. We remark that, the global existences in Theorem 1.6 (1)(2)(3), namely for
the mass-subcritical and critical case, seem to hold reasonably by the standard way. However,
generally in the mass-supercritical case, global existence holds for small initial data, see for example
[12, Remark 6.2.3], or also [10, Cororally 2.6], but for large initial data, blow-up in finite time
may possibly occur. Our Theorem 1.6 (4) actually extends to the case that for any given X˜-
norm of the initial data, we only need its mass being small. In particular, having this global
existence for the time-depending solutions, one could then consider further the possible stability
of solutions in the mass-supercritical case. Also we point out that, Theorem 1.6 (4) covers the case
λ1 = λ2 = 0, λ3 > 0 and
4
3 < p < 4. Such result has already been proved in [3, Theorem 1.1], by a
local minima construction of the corresponding functional. Here our proof is completely different.
In what follows, we discuss particularly the existence of ground states and their stability and
strong instability to the equation (1.3).
Firstly, we consider the mass-subcritical and critical cases 0 < p ≤ 43 . By Lemma 5.1, under
suitable assumptions on p and c > 0, Eb(u) is bounded from below on
S¯(c) = {u ∈ X : ‖u‖2L2 = c}. (1.18)
Therefore, we can study the existence and stability of standing waves for (1.3) by considering the
following global minimization problem:
m(c) := inf
u∈S¯(c)
Eb(u), (1.19)
where Eb(u) is defined by (1.6). Denote the set of all minimizers of m(c) by
Mc := {u ∈ S¯(c) : Eb(u) = m(c)}.
It is standard that for any uc ∈Mc, there exists a ωc ∈ R, such that (uc, ωc) solves the stationary
equation (1.4). Our results are as follows:
Theorem 1.7. Assume that λ1 ∈ R, λ2 ≤ 0, λ3 > 0. Let R be the unique ground state of (1.13).
Then for any c > 0 if 0 < p < 43 or 0 < c < λ
− 3
2
3 ‖R‖2L2 if p = 43 , Mc 6= ∅, and is orbitally stable in
the sense that: for any given ε > 0, there exists a δ > 0 such that for any initial data ψ0 satisfying
inf
u∈Mc
‖ψ0 − u‖X < δ,
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the corresponding solution ψ(t) of (1.3) satisfies
inf
u∈Mc
‖ψ(t) − u‖X < ε, ∀t ≥ 0.
Remark 1.6. To show this theorem on both the existence and orbital stability, the key is to
show that any minimizing sequence of m(c) is pre-compact, up to a translation. As we shall see
that, due to the partial harmonic potential, m(c) < 0 does not hold any more, which brings a
difficulty to show the non-vanishing of the minimizing sequence, here we need an observation from
[3], see also Lemma 2.7. To show finally the compactness, we provide a new argument, which
is basically the concentration compactness principle, but compared with the standard argument,
ours are based on the Brezis-Lieb lemma, which are more direct and simpler. See the details in
the proof of Lemma 5.2. In addition, we point out that our proof can not be directly applied on
the case λ2 > 0, which is indeed more complicated to treat. Recall that when λ1 = 0, λ2 > 0
in the equation (1.8) (without the partial confine), existence only was established under different
conditions on c > 0 and p > 0, precisely, existence holds for c > 0 sufficiently small if 0 < p < 1,
and if 1 < p < 43 , there exists a c0 > 0 which separates sharply the range of c for the existence and
non-existence (see [9] and [31]). If a partial confine is involved additionally, then the situation will
become more complicated. Hence we shall not pay more attention on this direction in this paper.
In the mass-critical and supercritical cases 43 ≤ p < 4, we observe that though the functional
Eb is unbounded from below on S¯(c), due to the partial harmonic potential, the functional Eb
apparently has a concave-convex construct on S¯(c). Similar situation is verified by Bellazzini et al
[3] where the case λ1 = λ2 = 0 in (1.4) is studied. Hence, in order to construct a stable standing
wave in this case, inspirited by the work in [3], we consider the following local minimization
problem: for any given r > 0, defining
m¯rc := inf
u∈S¯(c)∩B(r)
Eb(u), c > 0, (1.20)
where B(r) := {u ∈ X : ‖u‖2
X˜
≤ r}, and ‖ · ‖X˜ is given in (1.17).
It can be proved that for any given r > r0 with some r0 > 0, there exists a cr > 0 , such that
S¯(c) ∩B(r) 6= ∅,∀c < cr, see Lemma 5.3. Also it is obvious that m¯rc > −∞. Thus we can expect
the existence of a minimizer of m¯rc. Denote the set of all minimizers of m¯
r
c by
Mrc := {u ∈ S¯(c) ∩B(r) : Eb(u) = m¯rc}.
Then we prove that
Theorem 1.8. Let λ1 ∈ R, λ2 ≤ 0, λ3 > 0. Assume further that 43 ≤ p < 2 if λ1 > 0 or 43 ≤ p < 4
if λ1 ≤ 0. Then there exists a r0 > 0, such that for every given r > r0, there exists a cr with
0 < cr < 1, we have for any c ∈ (0, cr),
(i) ∅ 6=Mrc ⊂ S¯(c) ∩B( rc2 );
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(ii) The set Mrc is orbitally stable in the sense that: for any given ε > 0, there exists δ > 0
such that for any initial data ψ0 satisfying
inf
u∈Mrc
‖ψ0 − u‖X < δ,
the corresponding solution ψ(t) of (1.3) satisfies
inf
u∈Mrc
‖ψ(t)− u‖X < ε, ∀t > 0.
Remark 1.7. We note that the stable result obtained here and also the one in [3, 4] are surprise
to us at the first view, since normally without the partial harmonic potential, ground states in
the mass-supercritical case are strongly unstable by blow-up, see Theorem 1.4. In such a sense, it
seems that it is the partial harmonic potential that causes the ground states to be stable, which
is also observed in [4, Remark 1.6]. By the global existence result established in Theorem 1.6 (4),
we see that it is reasonable to study the existence of stable standing waves at least in S¯(c) ∩B(r)
with c small. To prove this theorem, our proof is mainly inspirited by [3]. However, due to the
appearance of the Coulomb potential and Hartree-type nonlinearity, our analyses are more subtle.
Precisely, we first show a local minima structure and then show that for c > 0 basically small, any
minimizing sequence of m¯rc is pre-compact, up to a translation. By this essential preliminary we
then finally prove both the existence and stability.
We remark that in Theorem 1.8, when λ1 > 0, we restrict ourselves on the range
4
3 ≤ p < 2.
In fact, a local minima structure of Eb on S(c) can be established on the whole range
4
3 ≤ p < 4,
see Lemma 5.3. However, we only manage to show the non-vanishing of an arbitrary minimizing
sequence of the local minima level for p < 2. When p ≥ 2, we guess that minimizing sequences
maybe vanish. See the proof of Lemma 5.2. We also remark that for the case λ2 > 0, we could
prove a local minima structure, see Lemma 5.4. But to prove the compactness of an arbitrary
minimizing sequence of m¯rc is complicated. The reason is the same as we clarify in Remark 1.6.
Remark 1.8. Compared with Theorem 1.7 and Theorem 1.8 in the common case: λ1 ∈ R, λ2 ≤
0, λ3 > 0 and p =
4
3 , one will find that for c > 0 small enough, there exist a global minimizer of Eb
on S(c) by Theorem 1.7, and also a local minimizer by Theorem 1.8, then an interesting question
arises that is this local minimizer indeed a global one. We believe that the answer is positive, but
for the moment, we do not have a convinced proof for that.
Finally, we consider the existence and the strong instability of ground state standing waves
for (1.3) in the mass-critical and supercritical cases. For this purpose, we need to establish the
variational characterization of ground states related to (1.8) on a certain manifold. Due to the
appearance of a partial harmonic potential, it is obvious that f(λ) = Sb,ω(vλ) → +∞, as λ →
0+. Thus, there is no maximum point of f(λ) on (0,∞). It is hard to establish the variational
characterization of ground states on the Pohozaev manifold {v ∈ X, Qb(v) = 0}, where Qb(v) is
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the Pohozaev functional defined by
Qb(v) :=∂λSb,ω(vλ)|λ=1 = ‖∇v‖2L2 − b2
∫
R3
(x21 + x
2
2)|v|2dx
+
λ1
2
∫
R3
|v|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |v|2)|v|2dx− 3λ3p
2(p + 2)
‖v‖p+2Lp+2 . (1.21)
On the other hand, due to the appearance of Hartree nonlinearity, the function g(λ) = Sb,ω(λv)
maybe have two critical points. Therefore, the usual Nehari manifold does not happen to be a
good choice, see also [35].
To overcome this difficulty, we find a new manifold, on which we manage to establish the
variational characterization of ground states, see Proposition 1.9. Now let us first show the choice
of the new manifold. Suppose that u is a critical point of Sb,ω, setting u
λ(x) := λ3u(λx), λ > 0,
we have
f1(λ) := Sb,ω(u
λ) =
λ5
2
‖∇u‖2L2 +
ωλ3
2
∫
R3
|u|2dx+ λb
2
2
∫
R3
(x21 + x
2
2)|u|2dx+
λ1λ
4
2
∫
R3
|u|2
|x| dx
+
λ2λ
7
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3λ
3p+3
p+ 2
‖u‖p+2Lp+2 . (1.22)
One can checked easily that this new scaling function f1(λ) has an unique critical point λ = 1 of
maximum type on (0,∞). In particular, f ′1(1) = 0 can be written as
Kb,ω(u) : = ∂λSω(u
λ)|λ=1 = 5
2
‖∇u‖2L2 +
3ω
2
∫
R3
|u|2dx+ b
2
2
∫
R3
(x21 + x
2
2)|u|2dx
+ 2λ1
∫
R3
|u|2
|x| dx+
7λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3(3p+ 3)
p+ 2
‖u‖p+2Lp+2 . (1.23)
In fact, Kb,ω(u) = 3Ib,ω(u) − Jb,ω(u), where Ib,ω(u) and Jb,ω(u) are defined by (2.1) and (2.2),
respectively. Hence, any solution u of (1.4) satisfies Kb,ω(u) = 0. We can obtain the following
variational characterization of ground states related to (1.4).
Proposition 1.9. Let λ1, λ2, λ3 > 0, ω > 0 and
4
3 ≤ p < 4. Then, u is a ground state related to
(1.4) if and only if u solves the following minimization problem:
dK(ω) := inf{Sb,ω(v) : v ∈ X\{0}, Kb,ω(v) = 0}. (1.24)
Remark 1.9. Note however, when we restrict on 2 ≤ p < 4, the function g(λ) = Sb,ω(λv) indeed
has an unique critical point on (0,∞), by which one could establish a variational characterization
of ground states on Nehari manifold by using our method.
Next, we consider the strong instability of standing waves for (1.3) with b 6= 0. In this case,
the function f(λ) = Sb,ω(vλ) with vλ(x) := λ
3
2 v(λx) does not satisfy the properties in Lemma 3.1.
Recently, the strong instability for other kinds of NLS has been investigated in similar case, see
[17, 24, 21, 22, 23, 33, 32, 34, 37]. Moreover, the action functionals in these papers only include
four terms. Therefore, the Pohozaev functionals and functionals ∂2λSω(vλ)|λ=1 in these papers only
include three terms. This implies that any two of three terms can be calculated by the remaining
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term. Based on this fact and the assumption ∂2λSω(vλ)|λ=1 ≤ 1, Fukuizumi and Ohta in [22, 23, 32]
studied the strong instability of standing waves. Since the action functional of (1.3) includes six
terms, the methods of Fukuizumi and Ohta cannot work for (1.3).
Under some assumptions, Zhang in [37] studied the strong instability for NLS with a harmonic
potential by establishing so-called cross-invariant manifolds, see also [24]. The arguments in [24, 37]
rely heavily on the fact that the function g(λ) := Sω(λv) has an unique critical point on (0,∞).
When 2 ≤ p < 4, equation (1.3) also enjoys this property. Therefore, we will mainly apply the ideas
in [24, 37] to study the strong instability. However, due to the complexity of our functional, more
difficulties have to be overcame here. The key to the idea is to construct a type of cross-constrained
minimization problem, and establish so-called cross-invariant manifolds, which require us to search
for proper functionals. In [24, 37], they used the action, Pohozaev and Nehari functionals, and every
functional only includes four terms. But in the present paper, we use the action, Pohozaev and
Pohozaev-Nehari functionals, and every functional includes six terms with different scaling rates.
In [24], two nonlinearities are focusing and mass-supercritical. But for (1.3), one nonlinearity is
defocusing and mass-subcritical, the other is focusing and mass-supercritical. For these reasons,
compared to the argument in [24, 37], our discussion will be more complicated and skillful.
When 43 ≤ p < 2, g(λ) := Sb,ω(λv) maybe have two critical points on (0,∞). Therefore, the
above argument cannot work. Let u be the ground state of (1.4), in order to study the strong
instability of the standing wave eiωtu(x), in view of definition, we need to construct a sequence of
initial data {ψ0,n} ⊂ X such that ψ0,n → u in X as n→∞, and such that the solution ψn(t) with
initial data {ψ0,n} blows up in finite time. Generally, a sequence of initial data {ψ0,n} ⊂ X can be
chosen by ψ0,n = λ
c
nu(λ
d
nx) for some λn > 1 and λn → 1 as n→∞. In order to proving blow-up,
by using Lemma 2.2, we need Qb(ψ0,n) = Qb(λ
c
nu(λ
d
nx)) < 0. But, for equation (1.3) with b 6= 0,
it is easy to check that Qb(λ
c
nu(λ
d
nx)) with c 6= 0 and d ∈ R may be larger than zero. Therefore,
motivated by the idea in [21, 22, 23, 33, 32], we overcome this difficulty by assuming that λ = 1
is the local maximum point of f(λ), i.e., ∂2λSb,ω(uλ)|λ=1 ≤ 0, which implies that Qb(uλ) < 0 and
Sb,ω(uλ) < Sb,ω(u) for all λ > 1. Under this assumption, we can prove the strong instability of
standing waves for (1.3).
In order to study the strong instability of standing waves for (1.3), we introduce a cross-manifold
in X as follows:
N := {v ∈ X : Kb,ω(v) < 0 and Qb(v) = 0}. (1.25)
When 2 ≤ p < 4, or when 43 ≤ p < 2 additionally assume that ∂2λSb,ω(uλ)|λ=1 ≤ 0 with uλ =
λ
3
2u(λx) and u being a ground state of (1.4), we can prove that the cross-manifold N is not empty,
see Lemma 6.4. Furthermore, we introduce the following cross-constrained minimization problem
α(ω) := inf{Sb,ω(v) : v ∈ N}, (1.26)
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and define the set:
Kω := inf{v ∈ X : Sb,ω(v) < Sb,ω(u), Kb,ω(v) < 0 and Qb(v) < 0}. (1.27)
We can prove that
Lemma 1.10. Let λ1, λ2, λ3 > 0,
4
3 ≤ p < 4. Assume that there exists ω > 0 such that α(ω) ≥
Sb,ω(u), with u being a ground state related to (1.4). Then when 2 ≤ p < 4, or when 43 ≤ p < 2
additionally assume that ∂2λSb,ω(uλ)|λ=1 ≤ 0 with uλ = λ
3
2u(λx), the set Kω is invariant under the
flow of (1.3), that is, if ψ0 ∈ Kω, then the solution ψ(t) to (1.3) with initial data ψ0 belongs to Kω
and
Qb(ψ(t)) ≤ 2(Sb,ω(ψ0)− Sb,ω(u)), (1.28)
for any t ∈ [0, T ∗).
Based on the key estimate (1.28), we obtain finally the strong instability.
Theorem 1.11. Let λ1, λ2, λ3 > 0,
4
3 ≤ p < 4. Assume that there exists ω > 0 such that α(ω) ≥
Sb,ω(u) with u being a ground state related to (1.4). Then when 2 ≤ p < 4, or when 43 ≤ p < 2
additionally assume that ∂2λSb,ω(uλ)|λ=1 ≤ 0, we have that the standing wave ψ(t, x) = eiωtu(x)
is strongly unstable in the following sense: there exists {ψ0,n} ⊂ X such that ψ0,n → u in X as
n → ∞ and the corresponding solution ψn of (1.3) with initial data ψ0,n blows up in finite time
for any n ≥ 1.
Remark 1.10. Note that the strong instability of ground state standing waves of (1.3) is
established under the assumption that for some ω > 0, α(ω) ≥ Sb,ω(u). However, the condition
α(ω) ≥ Sb,ω(u) is still vague, even in the simple case λ1 = λ2 = 0, see [37, Remark 5.1]. We need
further to determine for which ω, α(ω) ≥ Sb,ω(u) holds. Moreover, it is also open that standing
waves are orbital stable or not if α(ω) < Sb,ω(u).
Remark 1.11. We clarity that when b 6= 0, λ1 = 0, λ2 > 0 and λ3 > 0, the strong instability
still holds under the same assumption as in this theorem. In particular, when b 6= 0, λ1 > 0,
λ2 = 0 and λ3 > 0, we have the same conclusion, even without the assumption ∂
2
λSb,ω(uλ)|λ=1 ≤ 0.
However, if b 6= 0, λ1 < 0 or λ2 < 0, or even if more weakly that b = 0, λ1 < 0 or λ2 < 0, some of
our arguments in the proof of Theorem 1.11 do not work any more, see the proof of Lemma 1.10.
To the best of our knowledge, the strong instability of standing waves under these situations is still
an open question. Anyway the physically interesting coefficients for (1.3), that is λ1, λ2, λ3 > 0,
are included in Theorems 1.4 and 1.11. For the mathematical interest, the case of λ1 < 0 or λ2 < 0
will be the object of a future investigation.
This paper is organized as follows: in Section 2, we will collect some lemmas such as the local
well-posedness theory of (1.3), the Brezis-Lieb lemma, a compactness lemma. In section 3, we will
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prove Proposition 1.1, Theorems 1.2, 1.3 and 1.4. In section 4, we will prove Theorem 1.5. In
section 5, we will prove Theorems 1.6, 1.7 and 1.8. In section 6, we will prove Proposition 1.9,
Lemma 1.10, Theorem 1.11.
2. Preliminaries
In this section, we recall some preliminary results that will be used later. Firstly, let us recall
the local theory for the Cauchy problem (1.3), see Theorem 9.1.5 in [12] or Theorem 3.1 in [18].
Proposition 2.1. [12, Theorem 9.1.5] Let ψ0 ∈ X, λ1, λ2, λ3 ∈ R, 0 < p < 4. Then, there
exists T = T (‖ψ0‖X) such that (1.4) admits a unique solution ψ ∈ C([0, T ],X). Let [0, T ∗) be the
maximal time interval on which the solution ψ is well-defined, if T ∗ < ∞, then ‖ψ(t)‖X → ∞ as
t ↑ T ∗. Moreover, for all 0 ≤ t < T ∗, the solution ψ(t) satisfies the following conservation of mass
and energy
‖ψ(t)‖L2 = ‖ψ0‖L2 ,
Eb(ψ(t)) = Eb(ψ0),
where Eb(ψ(t)) is defined by (1.6).
In order to study the strong instability of standing waves, we need to prove the existence of blow-
up solutions. Following the classical convexity method of Glassey, by some formal computations
(which are made rigorous in [12]), we can obtain the following lemma.
Lemma 2.2. [12, Remark 9.2.10] Let 0 < p < 4 and ψ0 ∈ Σ := {v ∈ H1 and |x|v ∈ L2}. Then,
the corresponding solution ψ(t) ∈ Σ for all t ∈ [0, T ∗) and the function J(t) belongs to C2[0, T ∗),
where J(t) =
∫
R3
|x|2|ψ(t, x)|2dx. Furthermore, we have
J ′′(t) = 8Qb(ψ(t)),
for all t ∈ [0, T ∗), where Qb(u) is defined by (1.21).
In this paper, we need the so-called the Brezis-Lieb lemma, see [8].
Lemma 2.3. [8] Let 0 < p <∞. Suppose that fn → f almost everywhere and {fn} is a bounded
sequence in Lp, then
lim
n→∞(‖fn‖
p
Lp − ‖fn − f‖pLp − ‖f‖pLp) = 0.
Lemma 2.4. [27, Lemma 7.2] Let f ∈ H1. Suppose that fn ⇀ f in H1, then
lim
n→∞(
∫
R3
(|x|−1 ∗ |fn|2)|fn|2dx−
∫
R3
(|x|−1 ∗ |fn − f |2)|fn − f |2dx−
∫
R3
(|x|−1 ∗ |f |2)|f |2dx) = 0.
The following compactness lemma is vital in our discussion,
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Lemma 2.5. [3, Lemma 3.4] Assume that a sequence {un} satisfies that sup
n
‖un‖X <∞, and
‖un‖Lp+2 ≥ δ, ∀n ∈ N,
for some constant δ > 0, then there exist a sequence {zn} ⊂ R and u¯ ∈ X\{0}, such that
un(x1, x2, x3 − zn)⇀ u¯, in X.
Finally, we recall the following Pohozaev identity related to (1.4).
Lemma 2.6. If u ∈ X is a solution of (1.4), then the following identities hold:
Ib,ω(u) :=‖∇u‖2L2 + ω‖u‖2L2 + b2
∫
R3
(x21 + x
2
2)|u|2dx+ λ1
∫
R3
|u|2
|x| dx
+ λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3‖u‖p+2Lp+2 = 0, (2.1)
and
Jb,ω(u) :=
1
2
‖∇u‖2L2 +
3ω
2
‖u‖2L2 +
5b2
2
∫
R3
(x21 + x
2
2)|u|2dx+ λ1
∫
R3
|u|2
|x| dx
+
5λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 3λ3
p+ 2
‖u‖p+2Lp+2 = 0. (2.2)
Moreover, Qb(u) =
3
2Ib,ω(u)− Jb,ω(u) = 0.
Lemma 2.7. [3, Lemma 2.1] Define
Λ0 := inf∫
R3
|u|2dx=1
∫
R3
(
|∇u|2 + b2(x21 + x22)|u|2
)
dx (2.3)
and
λ0 := inf∫
R2
|v|2dx′=1
∫
R2
(
|∂x1v|2 + |∂x2v|2 + b2(x21 + x22)|v|2
)
dx′. (2.4)
Then Λ0 = λ0.
Lemma 2.8. [10, Lemma 2.7] (Bootstrap argument). Let M(t) be a nonnegative continuous func-
tion on [0,T] such that, for every t ∈ [0, T ],
M(t) ≤ α+ βM(t)θ,
where α, β > 0 and θ > 1 are constants such that
α <
(
1− 1
θ
)
1
(θβ)1/(θ−1)
, M(0) ≤ 1
(θβ)1/(θ−1)
.
Then, for every t ∈ [0, T ], we have
M(t) ≤ θ
θ − 1α.
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3. Strong instability of standing waves without partial confine
In this section, we shall prove the strong instability of standing waves for (1.1) without magnetic
potential A ≡ 0, and 43 ≤ p < 4. To begin with, we prove a fundamental lemma:
Lemma 3.1. Let λ1 ≥ 0, λ2 > 0, λ3 > 0, ω > 0, 43 ≤ p < 4. Then for any given u ∈ H1\{0} if
4
3 < p < 4 or u ∈ H1\{0} satisfying that supλ>0 Sω(uλ) <∞ if p = 43 , there exists a unique λu > 0
such that Q(uλu) = 0. Moreover, we have Sω(uλu) = maxλ>0 Sω(uλ) and the function λ 7→ Sω(uλ)
is concave on [λu,∞). Moreover, if Q(u) ≤ 0, then λu ∈ (0, 1]. Here uλ(x) := λ 32u(λx), λ > 0.
Remark 3.1. Note that when p = 43 , the additional condition supλ>0 Sω(uλ) < ∞ is satisfied
if and only if ‖∇u‖2L2 < 3λ35
∫
R3
|u| 103 dx, which implies that ‖u‖2L2 > λ
− 3
2
3 ‖R‖2L2 , where R is the
unique ground state of (1.13).
Proof. For any u ∈ H1 \ {0}, we have
d
dλ
Sω(uλ) = λ‖∇u‖2L2 +
λ1
2
∫
R3
|u|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3p
∗λp
∗−1
p+ 2
‖u‖p+2Lp+2 =
1
λ
Q(uλ),
where p∗ = 3p2 . When p >
4
3 , it easily follows that there exists an unique λu such that Q(uλu) = 0
and also that
d
dλ
Sω(uλ) > 0 if λ ∈ (0, λu), and d
dλ
Sω(uλ) < 0 if λ ∈ (λu,∞). (3.1)
from which we deduce that Sω(uλ) < Sω(uλu) for any λ > 0 and λ 6= λu.
When p = 43 , note that the condition supλ>0 Sω(uλ) <∞ holds if and only if
‖∇u‖2L2 <
p∗λ3
p+ 2
‖u‖p+2Lp+2 =
3λ3
5
‖u‖
10
3
L
10
3
, (3.2)
and thus there also exists an unique λu such that Q(uλu) = 0 and (3.1) holds. Now writing
λ = sλu, we have
d2
dλ2
Sω(uλ) =‖∇u‖2L2 − λ3p∗(p∗ − 1)
sp
∗−2λp
∗−2
u
p+ 2
‖u‖p+2Lp+2
=
1
λ2u
[λ2u‖∇u‖2L2 − λ3p∗(p∗ − 1)
sp
∗−2λp∗u
p+ 2
‖u‖p+2Lp+2 ].
Since
Q(uλu) = λ
2
u‖∇u‖2L2 +
λ1λu
2
∫
R3
|u|2
|x| dx+
λ2λu
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3 p
∗λp∗u
p+ 2
‖u‖p+2Lp+2 = 0,
we infer that d
2
d2λSω(uλ) < 0 for any λ ≥ λu. This proves the lemma. 
Next, we prove Proposition 1.1. We first solve the minimization problem (1.11). To do this, we
consider the following minimization problem:
d˜(ω) = inf{S˜ω(v) : v ∈ H1\{0}, Q(v) ≤ 0}, (3.3)
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where
S˜ω(v) = Sω(v) − 2
3p
Q(v)
=
3p− 4
6p
‖∇v‖2L2 +
ω
2
‖v‖2L2 + λ1
3p− 2
6p
∫
R3
|v|2
|x| dx+ λ2
3p− 2
12p
∫
R3
(|x|−1 ∗ |v|2)|v|2dx. (3.4)
Then we have
Lemma 3.2. Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0, and 43 ≤ p < 4. Then there holds that
d˜(ω) = inf{S˜ω(v) : v ∈ H1\{0}, Q(v) = 0} = d(ω). (3.5)
Proof. Indeed, if Q(v) < 0, since Q(vλ) > 0 for sufficiently small λ > 0, then by continuity, there
exists λ0 ∈ (0, 1) such that Q(vλ0) = 0. Moreover, it follows that S˜ω(vλ0) < S˜ω(v). This implies
that (3.5) holds. 
Lemma 3.3. Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0, and 43 ≤ p < 4. Then there exists u ∈ H1\{0},
Q(u) = 0 and S˜ω(u) = d˜(ω).
Proof. Let {vn} be a minimizing sequence for (3.3), i.e., {vn} ⊂ H1\{0}, Q(vn) ≤ 0 and S˜ω(vn)→
d˜(ω) as n → ∞. When 43 < p < 4, we deduce from (3.4) that there exists N such that for all
n > N
d˜(ω) + 1 ≥ S˜ω(vn) = Sω(vn)− 2
3p
Q(vn) ≥ 3p− 4
6p
‖∇vn‖2L2 +
ω
2
‖vn‖2L2 ,
which implies that {vn} is bounded in H1.
When p = 43 , we see from (3.4) that there exists C1 > 0 such that
‖vn‖2L2 +
λ1
2
∫
R3
|vn|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx ≤ C1. (3.6)
Let Vn = |x|−1 ∗ |vn|2, then
−∆Vn = 4π|vn(x)|2.
This implies that Vn is a minimizer of the following variational problem:
inf
ϕ∈D1,2
{
1
2
∫
R3
|∇ϕ(x)|2dx− 4π
∫
R3
|vn(x)|2ϕ(x)dx
}
.
Taking ϕ(x) =
4π‖vn‖3
L3
‖∇vn‖2
L2
|vn(x)|, it follows that
‖vn‖L3 ≤ C‖∇vn‖1/3L2
(∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx
)1/6
. (3.7)
Thus, it follows from Q(vn) ≤ 0 that there exists C > 0 such that
‖∇vn‖2L2 +
λ1
2
∫
R3
|vn|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx
≤3λ3
5
∫
R3
|vn|
10
3 dx ≤ C‖vn‖8/3L3 ‖∇vn‖
2/3
L2
≤C‖∇vn‖14/9L2
(∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx
)4/9
. (3.8)
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This, together with (3.6), implies
‖∇vn‖4/9L2 ≤ C
(∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx
)4/9
≤ C2.
This implies that {vn} is bounded in H1 in the mass-critical case.
Next, we claim that lim infn→∞ ‖vn‖p+2Lp+2 > 0. Indeed, if ‖vn‖p+2Lp+2 → 0 as n → ∞, we deduce
from Q(vn) ≤ 0 that ‖∇vn‖L2 → 0. When 43 < p < 4, it follows from Q(vn) ≤ 0 and Ho¨lder’s
inequality that
‖∇vn‖2L2 ≤ C‖vn‖p+2Lp+2 ≤ C‖∇vn‖
3p
2
L2‖vn‖
p+2− 3p
2
L2 ≤ C‖∇vn‖
3p
2
L2 ,
which is a contradiction with ‖∇vn‖L2 → 0.
When p = 43 , we deduce form Q(vn) ≤ 0 and Ho¨lder’s inequality that
‖∇vn‖2L2 ≤ C‖vn‖10/3
L
10
3
≤ C3‖vn‖3L3 + C4‖vn‖5L5
≤ C5‖∇vn‖L2
(∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx
)1/2
+ C4‖vn‖5L5 ,
which, together with ‖∇vn‖L2 → 0 implies that
‖∇vn‖2L2 ≤ C4‖vn‖5L5 ≤ C6‖vn‖1/2L2 ‖∇vn‖
9/2
L2 ≤ C7‖∇vn‖
9/2
L2 ,
for some positive constants C4, C5, C6, C7. However, this contradicts with ‖∇vn‖L2 → 0. Thus,
we obtain
lim inf
n→∞ ‖vn‖
p+2
Lp+2 > 0,
for all 43 ≤ p < 4. Therefore, there exist a subsequence, still denoted by {vn} and u ∈ H1\{0}
such that
un := τxnvn ⇀ u 6= 0 weakly in H1,
for some {xn} ⊂ R3. Moreover, we deduce from Lemmas 2.3 and 2.4 that
Q(un)−Q(un − u)−Q(u)→ 0, (3.9)
and
S˜ω(un)− S˜ω(un − u)− S˜ω(u)→ 0. (3.10)
Now, we claim that Q(u) ≤ 0. If not, it follows from (3.9) and Q(un) ≤ 0 that Q(un − u) ≤ 0 for
sufficiently large n. Thus, by the definition of d˜(ω), it follows that
S˜ω(un − u) ≥ d˜(ω),
which, together with S˜ω(un) → d˜(ω), implies that S˜ω(u) ≤ 0, which is a contradiction with
S˜ω(u) > 0. We thus obtain Q(u) ≤ 0.
Furthermore, we deduce from the definition of d˜(ω) and the weak lower semicontinuity of norm
that
d˜(ω) ≤ S˜ω(u) ≤ lim inf
n→∞ S˜ω(un) = d˜(ω).
ON THE STANDING WAVES FOR THE XFEL 19
This yields that
S˜ω(u) = d˜(ω).
Finally, it follows from Lemma 3.2 that Q(u) = 0. This completes the proof. 
By the fact d(ω) = d˜(ω) and this lemma, we can obtain the following Corollary.
Corollary 3.4. Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0, and 43 ≤ p < 4. Then there exists u ∈ H1\{0},
Q(u) = 0 and Sω(u) = d(ω).
Lemma 3.5. Let λ1 ≥ 0, λ2, λ3 > 0, ω > 0, and 43 ≤ p < 4. Assume that u ∈ H1\{0} such that
Q(u) = 0 and Sω(u) = d(ω). Then S
′
ω(u) = 0.
Proof. Applying the Lagrange multiplier rule, there exists λ ∈ R such that S′ω(u) + λQ′(u) = 0.
We need only to show λ = 0. Note that the equation S′ω(u) + λQ′(u) = 0 can be written as
−∆u+ ωu+ λ1|x|u+ λ2(| · |
−1 ∗ |u|2)u− λ3|u|pu
+ λ[−2∆u+ λ1|x|u+ λ2(| · |
−1 ∗ |u|2)u− 3λ3p
2
|u|pu] = 0. (3.11)
Multiplying (3.11) by u¯, then integrating the resulting equations with respect to x on R3, we get
S1(u) + λQ1(u) = 0, (3.12)
where S1(u) and Q1(u) are defined by
S1(u) = ‖∇u‖2L2 + ω‖u‖2L2 + λ1
∫
R3
|u|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− ‖u‖p+2Lp+2 ,
and
Q1(u) = 2‖∇u‖2L2 + λ1
∫
R3
|u|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 3λ3p
2
‖u‖p+2Lp+2 .
On the other hand, multiplying (3.11) by x ·∇u¯, then integrating the resulting terms with respect
to x on R3, one obtains
S2(u) + λQ2(u) = 0, (3.13)
where S2(u) and Q2(u) are defined by
S2(u) =
1
2
‖∇u‖2L2 +
3ω
2
‖u‖2L2 + λ1
∫
R3
|u|2
|x| dx+
5λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 3λ3
p+ 2
‖u‖p+2Lp+2 ,
and
Q2(u) = ‖∇u‖2L2 + λ1
∫
R3
|u|2
|x| dx+
5λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 9λ3p
2(p + 2)
‖u‖p+2Lp+2 .
Note that
3
2
S1(u)− S2(u) = Q(u) = 0,
which, together with (3.12) and (3.13), implies that
λ
(
3
2
Q1(u)−Q2(u)
)
= 0. (3.14)
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After some simple calculations, we have
3
2
Q1(u)−Q2(u) = −λ1
2
∫
R3
|u|2
|x| dx−
λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3 3p(3p − 4)
4(p + 2)
‖u‖p+2Lp+2 < 0.
Thus, we obtain from (3.14) that λ = 0. This completes the proof. 
We now denote the set of all minimizers of (1.11) by
Mω := {u ∈ H1\{0} : Sω(u) = d(ω), Q(u) = 0}.
Lemma 3.6. Mω = Gω, where Gω is the set of ground states of (1.8).
Proof. We first prove Mω ⊂ Gω. Let u ∈ Mω. It follows from Lemma 3.5 that S′ω(u) = 0. In
particular, we have u ∈ Aω. To prove u ∈ Gω, it remains to show that Sω(u) ≤ Sω(v) for all v ∈ Aω.
To see this, notice that Q(v) = 0 for all v ∈ Aω. By definition of d(ω), we have Sω(u) ≤ Sω(v).
Thus, u ∈ Gω.
Next, we show Gω ⊂Mω. Let u ∈ Gω. Since Mω is not empty, we take v ∈Mω. By the above
argument, v ∈ Gω. In particular, Sω(u) = Sω(v). Since v ∈Mω, we get
Sω(u) = Sω(v) = d(ω).
It remains to show that Q(u) = 0. Since u ∈ Aω, we have S′ω(u) = 0 and Q(u) = 0. Therefore,
u ∈Mω. 
Proof of Proposition 1.1. Proposition 1.1 follows immediately from Lemmas 3.6. 
Proof of Theorem 1.2. We first prove that Aω and Bω are two invariant manifolds of (1.3)
with b = 0. Let ψ0 ∈ Aω, by Proposition 2.1, we see that there exists a unique solution ψ ∈
C([0, T ∗),H1) with initial data ψ0. We deduce from the conservations of mass and energy that
Sω(ψ(t)) = Sω(ψ0) < Sω(u), (3.15)
for any t ∈ [0, T ∗). In addition, by the continuity of the function t 7→ Q(ψ(t)) and Corollary 3.4, if
there exists t0 ∈ [0, T ∗) such that Q(ψ(t0)) = 0, then Sω(ψ(t0)) ≥ Sω(u), which contradicts with
(3.15). Therefore, we have Q(ψ(t)) > 0 for any t ∈ [0, T ∗). Similarly, we can prove that Bω is
invariant under the flow of (1.3) with b = 0.
Now, we prove (1). If ψ0 ∈ Aω, then Q(ψ(t)) > 0 for any t ∈ [0, T ∗). Thus, we deduce from the
conservation of energy that for all ψ0 ∈ Aω
Sω(u) ≥ Sω(ψ(t)) > Sω(ψ(t)) − 2
3p
Q(ψ(t))
=
3p− 4
6p
‖∇ψ(t)‖2L2 +
ω
2
‖ψ(t)‖2L2 + λ1
3p − 2
6p
∫
R3
|ψ(t)|2
|x| dx+ λ2
3p− 2
12p
∫
R3
(|x|−1 ∗ |ψ(t)|2)|ψ(t)|2dx
≥3p− 4
6p
‖∇ψ(t)‖2L2 . (3.16)
This implies that the solution ψ(t) of (1.3) exists globally.
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Next, we prove (2). We first claim that if v ∈ H1 satisfies Q(v) < 0, then Q(v) ≤ 2(Sω(v) −
Sω(u)). Indeed, due to Q(v) < 0, it follows from Lemma 3.1 there exists λv ∈ (0, 1) such that
Q(vλv ) = 0. Moreover, when p ≥ 43 , the function
f(λ) =Sω(vλ)− λ
2
2
Q(v)
=
ω
2
∫
R3
|v|2dx+ λ1(2λ− λ
2)
4
∫
R3
|v|2
|x| dx+
λ2(2λ− λ2)
8
∫
R3
(|x|−1 ∗ |v|2)|v|2dx
− λ3(4λ
3p
2 − 3pλ2)
4(p + 2)
‖v‖p+2Lp+2 ,
attains its maximum at λ = 1. Thus, it follows from Q(vλv ) = 0 and Proposition 1.1 that
Sω(u) ≤ Sω(vλv ) = Sω(vλv)−
λ2v
2
Q(vλv) < Sω(v)−
1
2
Q(v).
Thus, when ψ0 ∈ Bω, Q(ψ(t)) < 0 and then
Q(ψ(t)) ≤ 2(Sω(ψ(t)) − Sω(u)) = 2(Sω(ψ0)− Sω(u)) < 0
for any t ∈ [0, T ∗). This, together with xψ0 ∈ L2, implies that the corresponding solution ψ(t)
blows up in finite time. 
Proof of Theorem 1.3. When ‖ψ0‖L2 < λ−
3
4
3 ‖R‖L2 , the proof of global existence is standard,
so we omit it.
When ‖ψ0‖L2 = λ−
3
4
3 ‖R‖L2 , we prove this theorem by contradiction. If the solution ψ(t) of (1.3)
blows up in finite time, then there exists T ∗ > 0 such that limt→T ∗ ‖∇ψ(t)‖L2 =∞. Set
ρ(t) = ‖∇R‖L2/‖∇ψ(t)‖L2 and v(t, x) = ρ
3
2 (t)ψ(t, ρ(t)x).
Let {tn}∞n=1 be an any time sequence such that tn → T ∗, ρn := ρ(tn) and vn(x) := v(tn, x). Then,
the sequence {vn} satisfies
‖vn‖L2 = ‖ψ(tn)‖L2 = ‖ψ0‖L2 = λ−
3
4
3 ‖R‖L2 , ‖∇vn‖L2 = ρn‖∇ψ(tn)‖L2 = ‖∇R‖L2 . (3.17)
Next, we recall the following sharp Gagliardo-Nirenberg inequality (see [12, Lemma 8.4.2])
3
10
‖u‖
10
3
L
10
3
≤ ‖u‖
4
3
L2
2‖R‖
4
3
L2
‖∇u‖2L2 , ∀u ∈ H1 (3.18)
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where R is the ground state of (1.13). Applying this inequality and the conservation of energy, we
deduce that
0 ≤1
2
∫
R3
|∇vn(x)|2dx− 3λ3
10
∫
R3
|vn(x)|
10
3 dx
=ρ2n
(
1
2
∫
R3
|∇ψ(tn, x)|2dx− 3λ3
10
∫
R3
|ψ(tn, x)|
10
3 dx
)
=ρ2n
(
E(ψ0)− λ1
∫
R3
|ψ(tn)|2
|x| dx− λ2
∫
R3
(|x|−1 ∗ |ψ(tn)|2)|ψ(tn)|2dx
)
≤ρ2nE(ψ0)→ 0, as n→∞. (3.19)
This implies that
lim
n→∞
∫
R3
|vn(x)|
10
3 dx =
5
3λ3
‖∇R‖2L2 .
Thus, we deduce from (3.17) that there exist a subsequence, still denoted by {vn} and u ∈ H1\{0}
such that
un := τxnvn ⇀ u 6= 0 weakly in H1,
for some {xn} ⊂ R3. We consequently deduce from (3.7) that there exists C0 > 0 such that
lim inf
n→∞
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx = lim inf
n→∞
∫
R3
(|x|−1 ∗ |un|2)|un|2dx ≥ C0 > 0. (3.20)
On the other hand, we deduce from the inequality (3.18) and ‖ψ(t)‖L2 = ‖ψ0‖L2 = λ−
3
4
3 ‖R‖L2
that
1
2
∫
R3
|∇ψ(t, x)|2dx− 3
10
∫
R3
|ψ(t, x)| 103 dx ≥ 0,
for all t ∈ [0, T ∗). This implies that
λ1
∫
R3
|ψ(t, x)|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |ψ(t)|2)|ψ(t, x)|2dx ≤ E(ψ0),
for all t ∈ [0, T ∗). We consequently obtain that
λ1
∫
R3
|vn(x)|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |vn|2)|vn(x)|2dx
=ρnλ1
∫
R3
|ψ(tn, x)|2
|x| dx+ ρnλ2
∫
R3
(|x|−1 ∗ |ψ(tn)|2)|ψ(tn, x)|2dx
≤ρnE(ψ0)→ 0, as n→∞,
which is a contradiction with (3.20). Thus, the solution ψ(t) of (1.3) with b = 0 exists globally.
When ρ > λ
− 3
4
3 ‖R‖L2 , we define the initial data ψ0(x) = ρ‖R‖
L2
λ
3
2R(λx), then |x|ψ0 ∈ L2 and
‖ψ0‖L2 = ρ, J(t) =
∫
R3
|xu(t, x)|2dx is well-defined, and it follows from Lemma 2.2 that
J ′′(t) = 16E(ψ0)− 4λ1
∫
R3
|ψ(t, x)|2
|x| dx− 2λ2
∫
R3
(|x|−1 ∗ |ψ(t)|2)|ψ(t, x)|2dx. (3.21)
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By the definition of initial data ψ0(x) =
ρ
‖R‖
L2
λ
3
2R(λx) and the Pohozaev identity for equation
(1.13), i.e., 12‖∇R‖2L2 = 310‖R‖
10
3
L
10
3
, we deduce that
E(ψ0) =
ρ2λ2
2‖R‖2L2
‖∇R‖2L2 +
λ1ρ
2λ
2‖R‖2L2
∫
R3
|R(x)|2
|x| dx
+
λ2ρ
4λ
4‖R‖4L2
∫
R3
(|x|−1 ∗ |R|2)|R|2dx− 3λ3ρ
10
3 λ2
10‖R‖
10
3
L2
‖R‖
10
3
L
10
3
=− ρ
2λ2
2
λ3ρ
4
3 − ‖R‖
4
3
L2
‖R‖
10
3
L2
‖∇R‖2L2 +
λ1ρ
2λ
2‖R‖2L2
∫
R3
|R(x)|2
|x| dx
+
λ2ρ
4λ
4‖R‖4L2
∫
R3
(|x|−1 ∗ |R|2)|R|2dx < 0,
for sufficiently large λ > 0. This implies E(ψ0) < 0. It follows from (3.21) that J
′′(t) < 16E(ψ0) <
0. By the standard concave argument, the solution ψ(t) of (1.3) with b = 0 and the initial data
ψ0 blows up in finite time. 
Proof of Theorem 1.4. Let u be the ground state related to (1.8), and {λn} ⊆ R+ be such that
λn > 1 and limn→∞ λn = 1. We take the initial data ψ0,n(x) := λ
3
2
nu(λnx). Thus, we deduce from
the Brezis-Lieb lemma (Lemma 2.3) that ψ0,n → u in H1 as n→∞. Moreover, by the argument
in Lemma 3.1, we have
Sω(ψ0,n) < Sω(u), Q(ψ0,n) < 0,
for all n ≥ 1. Thus, ψ0,n ∈ Bω. Let ψn be the maximal solution of (1.3) with b = 0 and the initial
data ψ0,n. We deduce from Theorem 1.2 that ψn(t) ∈ Bω for all t ∈ [0, T ∗) and
Q(ψn(t)) ≤ 2(Sω(ψ0,n)− Sω(u)) < 0.
In addition, due to u ∈ Σ := {v ∈ H1 and xv ∈ L2}, we have ψ0,n ∈ Σ. Thus, by a classical
argument, it follows that ψn(t) ∈ Σ and
d2
dt2
‖xψn(t)‖2L2 = 8Q(ψn(t)) ≤ 16(Sω(ψ0,n)− Sω(u)) < 0,
for all t ∈ [0, T ∗). This implies that the solution ψn(t) of (1.3) with b = 0 the initial data ψ0,n
blows up in finite time. This completes the proof. 
4. Normalized solutions without partial confine
In this section, we study the existence and properties of normalized solutions in the mass-
supercritical case without partial confine. Since the functional is unbounded from below, we
consider the following minimization problem.
γ(c) := inf
u∈V (c)
E(u), (4.1)
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where the constraint V (c) is defined by
V (c) := {u ∈ S(c) : Q(u) = 0}. (4.2)
We note that the manifold of V (c) is indeed a natural constraint for E on S(c), since we have
Lemma 4.1. Let λ1 ≥ 0, λ2, λ3 > 0, and 43 ≤ p < 4. Then each critical point of E|V (c) is exactly
a critical point of E|S(c).
Proof. Let u be a critical point of E|V (c), then by [11, Corollary 4.1.2] we have the alternative:
either (i) Q′(u) and (‖u‖2L2)′ are linearly dependent, or (ii) there exists ω1, ω2 ∈ R such that
E′(u) + ω1Q′(u) + ω2u = 0, in H−1. (4.3)
Indeed, (i) is impossible. If so, then we have for some ω0 ∈ R,
Q′(u) + ω0(‖u‖2L2)′ = 0, in H−1,
or equivalently
−2∆u+ λ1|x|u+ λ2(|x|
−1 ∗ |u2|)u− 3pλ3
2
|u|pu+ 2ω0u = 0, in H−1. (4.4)
Multiplying (4.4) by u¯ and integrating by part, we have
2‖∇u‖2L2 + λ1
∫
R3
|u|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 3pλ3
2
‖u‖p+2Lp+2 + 2ω0‖u‖2L2 = 0. (4.5)
Again, multiplying (4.4) by x · ∇u¯ and integrating by part, we have
‖∇u‖2L2 + λ1
∫
R3
|u|2
|x| dx+
5λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 9pλ3
2(p + 2)
‖u‖p+2Lp+2 + 3ω0‖u‖2L2 = 0. (4.6)
Eliminate the ω0‖u‖2L2 term from (4.5) and (4.6), then we get
2‖∇u‖2L2 +
λ1
2
∫
R3
|u|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− 9p
2λ3
4(p + 2)
‖u‖p+2Lp+2 = 0. (4.7)
Note that u ∈ V (c) and then Q(u) = 0. By this identity and (4.7), we eliminate the ‖∇u‖2L2 term,
to obtain
λ1
2
∫
R3
|u|2
|x| dx+
λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx+ 3p(3p − 4)λ3
4(p + 2)
‖u‖p+2Lp+2 = 0,
which is obviously a contradiction, since u 6= 0.
Hence to end the proof, we only need to show that ω1 = 0 in (4.3). Following the above idea,
we multiply (4.3) by u¯ and integrating by part, we have
(1 + 2ω1)‖∇u‖2L2 + (1 + ω1)λ1
∫
R3
|u|2
|x| dx+ (1 + ω1)λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx
−(1− 3pω1
2
)λ3‖u‖p+2Lp+2 + ω2‖u‖2L2 = 0. (4.8)
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Again, multiplying (4.3) by x · ∇u¯ and integrating by part, we have
(1 + 2ω1)‖∇u‖2L2 + 2(1 + ω1)λ1
∫
R3
|u|2
|x| dx+ (1 + ω1)
5λ2
2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx
−(1− 3pω1
2
)
6λ3
p+ 2
‖u‖p+2Lp+2 + 3ω2‖u‖2L2 = 0. (4.9)
Eliminating the ω1‖u‖2L2 term from (4.8) and (4.9), we have
(2 + 4ω1)‖∇u‖2L2 + (1 + ω1)λ1
∫
R3
|u|2
|x| dx+
(1 + ω1)λ2
2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx
−(1− 3pω1
2
)
3pλ3
p+ 2
‖u‖p+2Lp+2 = 0. (4.10)
Taking into account of Q(u) = 0, we then deduce from (4.10) that
ω1 ·
(
4‖∇u‖2L2 + λ1
∫
R3
|u|2
|x| dx+
λ2
2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx+ 9p
2λ3
p+ 2
‖u‖p+2Lp+2
)
= 0,
which implies that ω1 = 0. Then the lemma is proved. 
Lemma 4.2. Let λ1 ≥ 0, λ2, λ3 > 0 and p = 43 . Then for all c ∈ (0, λ
− 3
2
3 ‖R‖2L2 ], the functional E
has no any critical point on S(c), where R is the unique ground state of (1.13).
Proof. For any c ∈ (0, λ−
3
2
3 ‖R‖2L2 ], we note that if u0 is a critical point of E on S(c), then necessarily
Q(u0) = 0 and u0 6= 0. Thus by (3.18), we have
‖∇u0‖2L2 <
3λ3
5
∫
R3
|u0|
10
3 dx ≤ λ3‖u0‖
4
3
L2
‖R‖
4
3
L2
‖∇u0‖2L2 . (4.11)
This implies (
λ3c
2
3 − ‖R‖
4
3
L2
)
‖∇u0‖2L2 > 0,
which is a contradiction since c ≤ λ−
3
2
3 ‖R‖2L2 . 
Remark 4.1. Due to this lemma, in what follows, to obtain the existence, it is necessary to
restrict our analyses in particular on c > λ
− 3
2
3 ‖R‖2L2 when p = 43 .
To show that γ(c) is attained for some u ∈ V (c), we consider first the following equivalent
minimization problem:
γ˜(c) := inf{E˜(v) : v ∈ S(c), Q(v) ≤ 0}, (4.12)
where
E˜(v) :=E(v) − 2
3p
Q(v)
=
3p − 4
6p
‖∇v‖2L2 + λ1
3p − 2
6p
∫
R3
|v|2
|x| dx+ λ2
3p − 2
12p
∫
R3
(|x|−1 ∗ |v|2)|v|2dx. (4.13)
By a similar argument as Lemma 3.2, we can prove that
Lemma 4.3. Let λ1 ≥ 0, λ2, λ3 > 0, and 43 ≤ p < 4. Then for any c > 0, there holds that
γ˜(c) = inf{E˜(v) : v ∈ S(c), Q(v) = 0} = γ(c). (4.14)
26 BINHUA FENG AND TINGJIAN LUO
Lemma 4.4. Let λ1 ≥ 0, λ2, λ3 > 0. Then when 43 < p < 4, the function c 7→ γ(c) is non-
increasing on (0,+∞), and when p = 43 , c 7→ γ(c) is non-increasing on (λ
− 3
2
3 ‖R‖2L2 ,+∞).
Proof. To prove the non-increasing property of γ(c), it is essential to show that
γ(c) = inf
u∈S(c)
max
λ>0
E(uλ), if
4
3
< p < 4, (4.15)
and
γ(c) = inf
u∈K(c)
max
λ>0
E(uλ), if p =
4
3
, (4.16)
where K(c) := {u ∈ S(c) : ‖∇u‖2L2 < 3λ35
∫
R3
|u| 103 dx}. For this aim, the key is the point that for
any given u ∈ S(c) if 43 < p < 4 or u ∈ K(c) if p = 43 , there exists a unique λu > 0 such that
Q(uλu) = 0, and that E(uλu) = maxλ>0E(uλ), which is indeed already obtained by Lemma 3.1
and Remark 3.1. Since others can be argued as standard as that in [5, Lemma 5.3], hence here we
omit the details. 
Proposition 4.5. Let λ1 ≥ 0, λ2, λ3 > 0. Then for all c > 0 if 43 < p < 4, or for all c > λ
− 3
2
3 ‖R‖2L2
if p = 43 , we have γ(c) > 0 and moreover, there exists a u ∈ H1\{0}, such that E˜(u) = γ(c) and
u ∈ V (‖u‖2L2) with 0 < ‖u‖2L2 ≤ c.
Proof. We first show that γ(c) > 0. For any v ∈ S(c) with Q(v) ≤ 0, when 43 < p < 4, we have
‖∇v‖2L2 <
3λ3p
2(p+ 2)
‖v‖p+2Lp+2 ≤ C‖∇v‖
3p
2
L2‖v‖
4−p
2
L2 ,
which implies that
c
p−4
2 ≤ C‖∇v‖
3p
2
−2
L2 . (4.17)
When p = 43 , from (3.8) and the Young inequality with ε, we have
‖∇v‖2L2 +
λ1
4
∫
R3
(|x|−1 ∗ |v|2)|v|2dx ≤C‖∇v‖
14
9
L2
( ∫
R3
(|x|−1 ∗ |v|2)|v|2dx
) 4
9
≤ε‖∇v‖2L2 + C(ε)
( ∫
R3
(|x|−1 ∗ |v|2)|v|2dx
)2
. (4.18)
Letting ε = 1, then (4.18) implies that∫
R3
(|x|−1 ∗ |v|2)|v|2dx ≥ C˜, (4.19)
for some C˜ > 0 independent of v. Therefore, in both the cases, by (4.17), (4.19) and the definition
of γ˜(c), we see that γ˜(c) > 0. Thus by Lemma 4.3, γ(c) > 0 follows.
Now let {vn} be an arbitrary minimizing sequence for (4.12), i.e., {vn} ⊂ S(c), Q(vn) ≤ 0 and
E˜(vn) → γ˜(c) = γ(c) as n → ∞. We claim that {vn} is bounded in H1. Indeed, since vn ∈ S(c),
it is enough to verify the boundedness of ‖∇vn‖L2 . When 43 < p < 4, by (4.13), ‖∇vn‖L2 is surely
bounded. When p = 43 , by (4.13),
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx is bounded, then in (4.18) by letting
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ε = 12 we see that ‖∇vn‖L2 is bounded. Then the claim is verified. In addition, by (4.17) and
(4.19), it follows from Q(vn) ≤ 0 that there exists C0 > 0 such that
3λ3p
2(p + 2)
lim inf
n→∞ ‖vn‖
p+2
Lp+2 ≥ C0 > 0.
Hence, there exist a subsequence, still denoted by {vn} and u ∈ H1\{0} such that
un := τxnvn ⇀ u 6= 0 weakly in H1,
for some {xn} ⊂ R3. Moreover, we deduce from Lemmas 2.3 and 2.4 that
Q(un)−Q(un − u)−Q(u)→ 0, (4.20)
E˜(un)− E˜(un − u)− E˜(u)→ 0, (4.21)
‖un‖2L2 − ‖un − u‖2L2 − ‖u‖2L2 → 0. (4.22)
By (4.22), 0 < ‖u‖2L2 ≤ c. We claim that Q(u) ≤ 0, which indeed can be proved by excluding the
other possibilities:
(1) If Q(u) > 0 and ‖u‖2L2 < c, it follows from (4.20) and Q(un) ≤ 0 that Q(un − u) ≤ 0 for
sufficiently large n. Set c1 = c− ‖u‖2L2 and wn =
√
c1‖un − u‖−1L2 (un − u), then we have
‖un − u‖L2 →
√
c1, wn ∈ S(c1), and Q(wn) ≤ 0.
Thus, by the definition of γ˜(c1), it follows that
E˜(wn) ≥ γ˜(c1) and E˜(un − u) ≥ γ˜(c1).
Note from Q(wn) ≤ 0 and (4.11), we see in particular that c1 > λ−
3
2
3 ‖R‖2L2 when p = 43 . Then
applying Lemma 4.4, γ˜(c1) = γ(c1) ≥ γ(c), and by (4.21) we obtain
E˜(u) =
3p − 4
6p
‖∇u‖2L2 + λ1
3p− 2
6p
∫
R3
|u|2
|x| dx+ λ2
3p − 2
12p
∫
R3
(|x|−1 ∗ |u|2)|u|2dx ≤ 0,
which is a contradiction with u 6= 0.
(2) If Q(u) > 0 and ‖u‖2L2 = c, then un → u in L2 as n→∞. This implies that un → u in Lq as
n →∞, for any q ∈ [2, 6) . On the other hand, we deduce from Q(u) > 0 that Q(un − u) ≤ 0 for
sufficiently large n. Thus, we can obtain un → u in H1 as n→∞. This yields Q(un − u)→ 0 as
n →∞. Thus, it follows from (4.20) and Q(u) > 0 that Q(un) > 0 for sufficiently large n, which
is a contradiction with Q(un) ≤ 0.
Therefore, it follows that Q(u) ≤ 0 and 0 < ‖u‖2L2 ≤ c, particularly, by (4.11), λ
− 3
2
3 ‖R‖2L2 <
‖u‖2L2 ≤ c when p = 43 . Thus we deduce from the definition of γ˜(c), the weak lower semicontinuity
of the functional E˜(u) and also Lemma 4.4 that
γ˜(c) ≤ γ˜(‖u‖2L2) ≤ E˜(u) ≤ limn→∞ E˜(un) = γ˜(c),
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which shows that E˜(u) = γ˜(c). By this, we could prove further that Q(u) = 0. Indeed, if Q(u) < 0,
then there exists a λ0 ∈ (0, 1) such that Q(uλ0) = 0, thus
γ˜(c) ≤ γ˜(‖u‖2L2) ≤ E˜(uλ0) < E˜(u) = γ˜(c),
which is a contradiction. Therefore, by Lemma 4.3 we have already proved that E˜(u) = γ(c) and
Q(u) = 0. Then the proof is completed.

To prove finally that Theorem 1.5, we need the following two Lemmas.
Lemma 4.6. Assume that λ1 ≥ 0, λ2, λ3 > 0. Let u ∈ H1 be a weak solution of the equation
−∆u+ ωu+ λ1|x|u+ λ2(| · |
−1 ∗ |u|2)u− λ3|u|pu = 0, x ∈ R3. (4.23)
If ω ≤ 0, then the only solution of (4.23) fulfilling one of the following conditions is the null
function: (i) 43 < p < 4 and ‖u‖2L2 ≤ c0 for some c0 > 0 independent of ω; (ii) p = 43 and
‖u‖2L2 < (97 )
3
2λ
− 3
2
3 ‖R‖2L2 .
Proof. By the Hardy-Littlewood-Sobolev and Sobolev inequalities, we have∫
R3
(|x|−1 ∗ |u|2)|u|2dx ≤ C‖u‖4
L
12
5
≤ C‖u‖3L2‖∇u‖L2 , ∀u ∈ H1. (4.24)
Also for any u ∈ H1, we deduce that∫
R3
|u|2
|x| dx =
∫
B1(0)
|u|2
|x| dx+
∫
Bc
1
(0)
|u|2
|x| dx
≤ C1‖|x|−1χB1(0)‖L 31+3ǫ ‖u‖
2
L
6
2−3ǫ
+ C2‖|x|−1χBc
1
(0)‖
L
3
1−3ǫ
‖u‖2
L
6
2+3ǫ
≤ C1‖u‖2
L
6
2−3ǫ
+ C2‖u‖2
L
6
2+3ǫ
≤ C
(
‖∇u‖1+3ǫL2 ‖u‖1−3ǫL2 + ‖∇u‖1−3ǫL2 ‖u‖1+3ǫL2
)
, (4.25)
with any ǫ ∈ (0, 13). Since u ∈ H1 be a weak solution of (4.23), we deduce from (2.1), (2.2), (4.24)
and (4.25) that
ω‖u‖2L2 =λ3‖u‖p+2Lp+2 − ‖∇u‖2L2 − λ1
∫
R3
|u|2
|x| dx− λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx
=
4− p
3p
‖∇u‖2L2 −
2(p − 1)λ1
3p
∫
R3
|u|2
|x| dx−
(5p − 2)λ2
6p
∫
R3
(|x|−1 ∗ |u|2)|u|2dx
≥4− p
3p
‖∇u‖2L2 − C˜1
(
‖∇u‖
3
2
L2‖u‖
1
2
L2 + ‖∇u‖
1
2
L2‖u‖
3
2
L2
)
− C˜2‖u‖3L2‖∇u‖L2 , (4.26)
where C˜i > 0, i = 1, 2, are independent of u. When
4
3 < p < 4, then from (4.17) and (4.26), we see
that ω > 0 holds necessarily if ‖u‖L2 is small enough.
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When p = 43 , we deduce from (2.1), (2.2) and (3.18) that
ω‖u‖2L2 =3‖∇u‖2L2 −
7λ3
5
‖u‖p+2Lp+2 +
λ1
4
∫
R3
|u|2
|x| dx
≥
9‖R‖ 43L2 − 7λ3‖u‖ 43L2
9‖R‖
4
3
L2
 ‖∇u‖2L2 , (4.27)
which implies that ω > 0 if ‖u‖2L2 < (97 )
3
2λ
− 3
2
3 ‖R‖2L2 . 
Lemma 4.7. Assume that λ1 ≥ 0, λ2, λ3 > 0. Then when 43 < p < 4, there exists a c1 > 0 such
that the mapping c 7→ γ(c) is strictly decreasing on the interval (0, c1), and when p = 43 , c 7→ γ(c)
is strictly decreasing on (λ
− 3
2
3 ‖R‖2L2 , (97 )
3
2λ
− 3
2
3 ‖R‖2L2).
Proof. Indeed, by the fact that c 7→ γ(c) is non-increasing obtained in Lemma 4.4, if we assume
by contradiction that
γ(c) ≡ γ(c3), ∀c ∈ (c2, c3),
for some c2, c3 > 0. Then by Proposition 4.5, for c3 > 0, there exists a u0 ∈ V (‖u0‖2L2) such that
E(u0) = γ(c3) and 0 < ‖u0‖2L2 < c3.
Hence u0 is a local minimizer of E on the manifold M := {u ∈ H1\{0} : Q(u) = 0}. Thus there
exists a Lagrange multiplier λ0 ∈ R such that
E′(u0) + λ0Q′(u0) = 0, in H−1.
By the same argument in the proof of Lemma 4.1, we deduce that λ0 = 0. Then E
′(u0)u0 = 0,
namely
‖∇u0‖2L2 + λ1
∫
R3
|u0|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |u0|2)|u0|2dx = λ3‖u0‖p+2Lp+2 . (4.28)
On the other hand, since the fact that u0 is indeed a minimizer of
γ(‖u0‖2L2) = inf{E(u) : u ∈ S(‖u0‖2L2), Q(u) = 0},
by Lemma 4.1, we know that u0 is a critical point of E on S(‖u0‖2L2). Then there exists a ω0 ∈ R
such that
E′(u0) + ω0u0 = 0, in H−1,
which implies
‖∇u0‖2L2 + ω0‖u0‖2L2 + λ1
∫
R3
|u0|2
|x| dx+ λ2
∫
R3
(|x|−1 ∗ |u0|2)|u0|2dx = λ3‖u0‖p+2Lp+2 . (4.29)
Hence by (4.28)-(4.29), we conclude that ω0‖u0‖2L2 = 0. Then ω0 = 0 since u0 6= 0. However,
by Lemma 4.6, when 43 < p < 4 and c3 > 0 is small enough, or when p =
4
3 and (c2, c3) ⊂
(λ
− 3
2
3 ‖R‖2L2 , (97 )
3
2λ
− 3
2
3 ‖R‖2L2) then necessarily ω0 > 0, which is a contradiction. At this point, we
have proved the strict decreasing property of γ(c). 
30 BINHUA FENG AND TINGJIAN LUO
Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. Firstly we prove (1). Indeed, by Proposition 4.5 and Lemma 4.7, we
conclude immediately that when 43 < p < 4 and c > 0 is small enough, γ(c) > 0 and γ(c) admits
at least one minimizer uc ∈ V (c). In particular, by Lemma 4.1, uc is a critical point of E on S(c).
Thus standardly, there exists a ωc ∈ R such that (uc, ωc) ∈ S(c) × R solves weakly the equation
(1.8). To show the behavior of uc as c→ 0+. We note that by Q(uc) = 0, we have
‖∇uc‖2L2 ≤
3pλ3
2(p + 2)
‖uc‖p+2Lp+2 ≤ C‖uc‖
4−p
2
L2 ‖∇uc‖
3p
2
L2 . (4.30)
Since 43 < p < 4, then by (4.30),
‖∇uc‖L2 → +∞, as c→ 0+. (4.31)
and thus E(uc)→ +∞ as c→ 0+, by the following calculation
E(uc) =
3p − 4
6p
‖∇uc‖2L2 + λ1
3p− 2
6p
∫
R3
|uc|2
|x| dx+ λ2
3p− 2
12p
∫
R3
(|x|−1 ∗ |uc|2)|uc|2dx. (4.32)
Finally, we prove that ωc → +∞ as c→ 0+. Note that by (4.26), we have
ωc‖uc‖2L2 ≥
4− p
3p
‖∇uc‖2L2 − C˜1
(
‖∇uc‖
3
2
L2‖uc‖
1
2
L2 + ‖∇uc‖
1
2
L2‖uc‖
3
2
L2
)
− C˜2‖uc‖3L2‖∇uc‖L2 , (4.33)
where C˜i > 0, i = 1, 2, are independent of uc. From (4.31) and (4.33), we see that ωc → +∞ as
c→ 0+. Then Point (1) is proved.
Point (2), follows directly from Lemma 4.2, Proposition 4.5 and Lemma 4.7.
Finally, we note that for any function uc ∈ V (c) with E(uc) = γ(c), by Lemma 4.1, it is a critical
point of E on S(c) and then a ground state of (1.8) with ω = ωc ∈ R. Then by following the proof
of Theorem 1.4, we conclude that the standing wave ψ(t, x) = eiωctuc(x) is strongly unstable. See
also similar proofs in [4, Theorem 1.5] or [5, Theorem 1.6]. Particularly, we note that if ωc > 0
(which is the case as c > 0 small), then Point (3) is indeed a consequence of Theorem 1.4. At this
point, we complete the proof. 
5. Normalized solutions with partial confine
In this section we prove the existence of stable ground state by considering two types of min-
imization problems. To obtain the stability, we need first to show the global existence result of
Theorem 1.6.
Proof of Theorem 1.6. (1) and (2) have been proved in [18]. Here we only prove (3) and (4),
in both cases, we always assume that λ1, λ2 ∈ R and λ3 > 0.
Recall that, by the Hardy inequality and the Young inequality with ε, we have
|λ1|
2
∫
R3
|ψ(t, x)|2
|x| dx ≤ C‖ψ(t)‖L2‖ψ(t)‖X˜ ≤ ε1‖ψ(t)‖
2
X˜
+ C(ε1, λ1)‖ψ(t)‖2L2 , (5.1)
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and
|λ2|
4
∫
R3
(|x|−1 ∗ |ψ(t)|2)|ψ(t, x)|2dx ≤ C‖ψ(t)‖3L2‖ψ(t)‖X˜ ≤ ε2‖ψ(t)‖2X˜ +C(ε2, λ2)‖ψ(t)‖6L2 , (5.2)
where εi > 0 is arbitrary and C(εi, λi) > 0, i = 1, 2.
When p = 43 , using the conservation of mass and energy, (5.1), (5.2) and (3.18), we have
1
2
‖ψ(t)‖2
X˜
≤Eb(ψ0) + C(ε1, ε2, λ1, λ2)(‖ψ0‖2L2 + ‖ψ0‖6L2) + (ε1 + ε2 +
λ3‖ψ0‖
4
3
L2
2‖R‖
4
3
L2
)‖ψ(t)‖2
X˜
.
When ‖ψ0‖L2 < λ−
3
4
3 ‖R‖L2 , by taking ε1 and ε2 small enough such that
1
2
− λ3
‖ψ0‖
4
3
L2
2‖R‖
4
3
L2
− ε1 − ε2 > 0,
we then obtain the global existence.
When 43 < p < 4. Also by the conservation of mass and energy, (5.1), (5.2) and the Gagiliardo-
Nirenberg inequality, we have
1
2
‖ψ(t)‖2
X˜
≤Eb(ψ0) + C(ε1, ε2, λ1, λ2)(‖ψ0‖2L2 + ‖ψ0‖6L2) + (ε1 + ε2)‖ψ(t)‖2X˜ + C‖ψ0‖
4−p
2
L2 ‖ψ(t)‖
3p
2
X˜
.
Taking ε1 = ε2 =
1
8 , this implies that
1
4
‖ψ(t)‖2
X˜
≤ C(Eb(ψ0), ‖ψ0‖L2) + C‖ψ0‖
4−p
2
L2 ‖ψ(t)‖
3p
2
X˜
.
Therefore, for every given κ > 0, with ‖ψ0‖X˜ < κ and ‖ψ0‖L2 < 1, denoting C(Eb(ψ0), ‖ψ0‖L2) =
C(κ), then applying Lemma 2.8, there exists 0 < cκ < 1 such that ‖ψ0‖L2 < cκ and ‖ψ(t)‖X˜ ≤ C(κ)
for all t ∈ [0, T ∗). Thus the proof ends. 
5.1. Solutions as global minimizers. In this subsection, we prove Theorem 1.7. To begin with,
we first show that
Lemma 5.1. Assume that λi ∈ R, i = 1, 2, 3. Let R be the unique ground state of (1.13). Then
for any c > 0 if 0 < p < 43 or 0 < c < |λ3|−
3
2 ‖R‖2L2 if p = 43 , the functional Eb(u) is bounded from
below on S¯(c), and m(c) > −∞.
Proof. Applying the Gagliardo-Nirenberg inequality, (4.24), (4.25), we can conclude that, there
exist constants C˜i > 0, i = 1, 2, 3, depending on only c, p, such that
Eb(u) ≥ min{1, b
2}
2
(‖u‖2X − c)−
|λ1|C˜1
2
(
‖u‖
3
2
X + ‖u‖
1
2
X
)
− |λ2|C˜2
4
‖u‖X − |λ3|C˜3
p+ 2
‖u‖
3p
2
X , (5.3)
for all u ∈ S¯(c). If we assume that λi ∈ R, i = 1, 2, 3, and 0 < p < 43 , then from (5.3) we see
immediately that for any c > 0, Eb(u) is bounded from below on S¯(c), and then that m(c) >
−∞, ∀c > 0.
When p = 43 and 0 < c < |λ3|−
3
2‖R‖2L2 , this result can be easily obtained by using the sharp
inequality (3.18) and (5.3). 
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Now we prove the following compact lemma, which is essential for both the existence and also
the stability of the solutions.
Lemma 5.2. Assume that λ1 ∈ R, λ2 ≤ 0, λ3 > 0. Let R be the unique ground state of (1.13).
Then for any c > 0 if 0 < p < 43 or 0 < c < λ
− 3
2
3 ‖R‖2L2 if p = 43 , any minimizing sequence of m(c)
is pre-contract, up to a translation, in X.
Proof. Let {un} be an arbitrary minimizing sequence of the variational problem (1.19) such that
Eb(un)→ m(c) and ‖un‖2L2 = c. (5.4)
Then by (5.3), clearly {un} is bounded in X. Further, we claim that
lim inf
n→∞ ‖un‖Lp+2 ≥ δ,
for some constant δ > 0.
Indeed, if there exists a subsequence, still denoted by {un}, such that ‖un‖Lp+2 → 0 as n→∞,
then by the interpolation, ‖un‖Lq → 0 as n → ∞ for all q ∈ (2, 6). Thus by (4.24) and (4.25),
there hold ∫
R3
(|x|−1 ∗ |un|2)|un|2dx→ 0 and
∫
R3
|un|2
|x| dx→ 0 as n→∞.
We consequently obtain that
m(c) = Eb(un) + on(1) =
1
2
∫
R3
(|∇un|2 + b2(x21 + x22)|un|2)dx+ on(1) ≥
cΛ0
2
+ on(1), (5.5)
where Λ0 is given in (2.3). Noting the definition of λ0 in (2.4), since the Sobolev space H := {v ∈
H1(R2) :
∫
R2
(x21 + x
2
2)|v|2dx <∞} is compactly embedded in L2(R2), it is standard to show that
λ0 is achieved by some w ∈ H1(R2) with
∫
R2
|w|2dx = 1. Let ϕ ∈ H1(R) satisfy ∫
R
|ϕ|2dx = c and
for any λ > 0, set
uλ(x) = w(x′)ϕλ(x3), where ϕλ(x3) = λ
1
2ϕ(λx3).
Then uλ ∈ S¯(c),∀λ > 0, and by Lemma 2.6 we have
Eb(u
λ) =
cΛ0
2
+
λ2
2
∫
R
|∂x3ϕ|2dx3 +
λ1λ
2
∫
R3
|w(x′)|2|ϕ(x3)|2√
λ2x21 + λ
2x22 + x
2
3
dx
+
λ2λ
4
∫
R3
∫
R3
|w(x′)ϕ(x3)|2|w(y′)ϕ(y3)|2√
λ2|x1 − y1|2 + λ2|x2 − y2|2 + |x3 − y3|2
dxdy
− λ3λ
p
2
p+ 2
∫
R2
|w(x′)|p+2dx′
∫
R
|ϕ(x3)|p+2dx3. (5.6)
Note that λ3 > 0 and 0 <
p
2 < 1 if 0 < p ≤ 43 , then we observe from (5.6) that Eb(uλ) < cΛ
0
2 , for
λ > 0 small enough. This implies that
m(c) <
cΛ0
2
,
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which obviously contradicts with (5.5). Hence by Lemma 2.5, there exist a sequence {zn} ⊂ R and
u ∈ X\{0}, such that
un(x1, x2, x3 − zn)⇀ u, in X.
Denote vn := un(x1, x2, x3−zn), in what follows, we shall show the pre-compactness of {vn}n≥1.
Indeed, by the weak lower semi-continuity, we have 0 < ‖u‖2L2 ≤ limn→∞ ‖vn‖
2
L2 = c.
If ‖u‖2L2 < c, then we denote a :=
√
c
‖u‖
L2
, thus a ≥ 1, au ∈ S¯(c) and
Eb(au) =
a2
2
‖∇u‖2L2 +
a2b2
2
∫
R3
(x21 + x
2
2)|u|2dx+
λ1a
2
2
∫
R3
|u|2
|x| dx
+
λ2a
4
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3a
p+2
p+ 2
‖u‖p+2Lp+2 , (5.7)
which implies that
Eb(u) =
Eb(au)
a2
− λ2(a
2 − 1)
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx+ λ3(a
p − 1)
p+ 2
‖u‖p+2Lp+2 . (5.8)
Similarly, let an :=
√
c
‖vn−u‖L2 , then an ≥ 1, anu ∈ S¯(c) and
Eb(vn − u) =Eb(an(vn − u))
a2n
− λ2(a
2
n − 1)
4
∫
R3
(|x|−1 ∗ |vn − u|2)|vn − u|2dx
+
λ3(a
p
n − 1)
p+ 2
‖vn − u‖p+2Lp+2. (5.9)
Therefore, we have
Eb(vn) = Eb(vn − u) + Eb(u) + on(1)
≥m(c)
(
1
a2
+
1
a2n
)
+
λ3(a
p − 1)
p+ 2
‖u‖p+2Lp+2 +
λ3(a
p
n − 1)
p+ 2
‖vn − u‖p+2Lp+2
− λ2(a
2 − 1)
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ2(a
2
n − 1)
4
∫
R3
(|x|−1 ∗ |vn − u|2)|vn − u|2dx. (5.10)
Note that Eb(vn) = m(c) + on(1),
1
a2
+ 1
a2n
= 1 + on(1), and a ≥ 1, an ≥ 1. Then if λ2 ≤ 0, λ3 > 0,
we deduce from (5.10) that a = 1. Namely vn → u in L2. In particular, by the interpolation,
vn → u in Lq, q ∈ [2, 6). Therefore,∫
R3
|vn|2
|x| dx→
∫
R3
|u|2
|x| dx and
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx→
∫
R3
(|x|−1 ∗ |u|2)|u|2dx,
and further by the weak lower semi-continuity of the X norm, we see that
Eb(u) ≤ lim
k→∞
Eb(vn) = m(c).
By definition of m(c), we have Eb(u) = m(c). In particular, Eb(vn) → Eb(u), and it follows that
‖vn‖X → ‖u‖X , which implies that un(x1, x2, x3 − zn)→ u strongly in X. 
With Lemma 5.2 in hand, Theorem 1.7 can be proved standardly, so we omit the details.
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5.2. Solutions as local minimizers. In this subsection, we prove Theorem 1.8. We first establish
a local minima structure for Eb(u) on S¯(c).
Lemma 5.3. Assume that λ1 ∈ R, λ2 ≤ 0, λ3 > 0 and 43 ≤ p < 4, all being fixed, then there exists
a r0 > 0, such that for every given r > r0, there exists a cr with 0 < cr < 1, we have
S¯(c) ∩B(rc
2
) 6= ∅, ∀c > 0, (5.11)
inf
u∈S¯(c)∩B( rc
2
)
Eb(u) < inf
u∈S¯(c)∩(B(r)\B(rc 14 ))
Eb(u), ∀c < cr. (5.12)
Proof. Let u0 ∈ X be such that ‖u0‖2L2 = 2, ‖u0‖2X˜ = r0. Then for all c > 0, letting uc :=
√
c
2u0,
we have
‖uc‖2L2 = c and ‖uc‖2X˜ =
r0c
2
<
rc
2
, ∀r > r0,
namely uc ∈ S¯(c) ∩B( rc2 ). Thus (5.11) is verified.
To verify (5.12), we note that S¯(c)∩B( rc2 ) ⊂ S¯(c)∩B(r) if c < 1. Thus for any u ∈ S¯(c)∩B(r),
we have ∫
R3
|u|2dx =1
2
∫
R3
|u|2div(x1, x2)dx = −1
2
∫
R3
(
∂x1(|u|2)x1 + ∂x2(|u|2)x2
)
dx,
≤1
2
(
‖∇u‖2L2 +
∫
R3
(x21 + x
2
2)|u|2dx
)
≤ max{ 1
2b2
,
1
2
}‖u‖2
X˜
. (5.13)
This, together with the Hardy inequality (see e.g. [12, Lemma 7.6.1]), implies that∫
R3
|u|2
|x| dx ≤ ‖u‖L2‖∇u‖L2 ≤
√
max{ 1
2b2
,
1
2
}‖u‖2
X˜
. (5.14)
Thus, by the Gagliardo-Nirenberg inequality, (4.24) and (5.14), we have Eb(u) ≥
1
2‖u‖2X˜ − |λ1|c
1
2 ‖u‖X˜ − C1|λ2|4 c
3
2 ‖u‖X˜ − λ3C2p+2 c
4−p
4 ‖u‖
3p
2
X˜
,
Eb(u) ≤ 12
(
1 + |λ1| ·
√
max{ 12b2 , 12}
)
‖u‖2
X˜
,
where Ci > 0, i = 1, 2 depending only on p. Denote K0 :=
1
2
(
1+ |λ1| ·
√
max{ 1
2b2
, 12}
)
,K1 :=
C1|λ2|
4
and K2 :=
λ3C2
p+2 , then we define the following functions: i(t) :=
1
2t
2 − |λ1| · c 12 t−K1 · c 32 t−K2 · c
4−p
4 t
3p
2 , t > 0,
j(t) := K0t
2, t > 0.
Notice that for any r > r0, there exists a cr ≪ 1, such that we have not only B( rc2 ) ⊂
B(rc
1
4 ),∀c < cr, but also that for all t ∈ (rc 14 , r) with c < cr,
i(t) =t2
(1
2
− |λ1| · c
1
2 t−1 −K1 · c
3
2 t−1 −K2 · c
4−p
4 t
3p
2
−2
)
≥r2c 12
(1
2
− |λ1| · c
1
4 r−1 −K1 · c
5
4 r−1 −K2 · c
4−p
4 r
3p
2
−2)
>
3r2c
1
2
8
> j(
rc
2
).
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This implies that
inf
t∈(rc 14 ,r)
i(t) > j(
rc
2
), ∀c < cr,
which yields to (5.12). 
Indeed, using the same idea in proving Lemma 5.3, we could prove a similar local minima
structure for the case λ2 > 0. Denote
B1(r) := {u ∈ X : ‖u‖2X1 ≤ r},
and for λ1 ∈ R, λ2 > 0,
‖u‖2X1 := ‖∇u‖2L2 + b2
∫
R3
(x21 + x
2
2)|u|2dx+ |λ1|
∫
R3
|u|2
|x| dx+
λ2
2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx. (5.15)
Then
Lemma 5.4. Assume that λ1 ∈ R, λ2 > 0, λ3 > 0 and 43 ≤ p < 4, all being fixed, then there exists
a r0 > 0, such that for every given r > r0, there exists a cr with 0 < cr < 1, we have
S¯(c) ∩B1(rc
2
) 6= ∅, ∀c > 0, (5.16)
inf
u∈S¯(c)∩B1( rc2 )
Eb(u) < inf
u∈S¯(c)∩(B1(r)\B1(rc
1
4 ))
Eb(u), ∀c < cr. (5.17)
Proof of Theorem 1.8. To prove this theorem, it is enough to verify that any minimizing se-
quence of m¯rc is pre-compact, up to a translation, in X, where m¯
r
c is given in (1.20). To this aim,
we let {un} be an arbitrary minimizing sequence of m¯rc. Namely,
Eb(un)→ m¯rc, ‖un‖2L2 = c and ‖un‖2X0 ≤ r. (5.18)
Then we see that {un} is bounded in X, and by (5.5), (5.6), when 43 < p < 2, there exists a δ1 > 0
such that
lim inf
n→∞ ‖un‖Lp+2 ≥ δ1.
Thus by Lemma 2.5, there exist a sequence {zn} ⊂ R and u ∈ X\{0}, such that
vn ⇀ u in X,
where vn := un(x1, x2, x3− zn). To prove that the weak convergence is indeed strong one, we only
need to remove the possible dichotomy. For this purpose, we prove the following monotonicity:
tm¯rs < sm¯
r
t , ∀ 0 < t < s < min{1, cr}. (5.19)
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Indeed, let {vn} ⊂ S¯(t) ∩ B(r) with Eb(vn) → m¯rt , then by Lemma 5.3, for n large enough, we
have vn ∈ S¯(t) ∩B( rt2 ). Then letting wn :=
√
s
tvn, we have wn ∈ S¯(s) ∩B( rs2 ) ⊂ S¯(s)∩B(r), and
m¯rs ≤ limn→∞Eb(wn) ≤
s
t
lim
n→∞Eb(vn) + lim infn→∞
λ2(
s
t )[(
s
t )
p/2 − 1]
4
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx
− lim inf
n→∞
λ3(
s
t )[(
s
t )
p/2 − 1]
p+ 2
‖vn‖p+2Lp+2
≤s
t
m¯rt −
λ3(
s
t )[(
s
t )
p/2 − 1]
p+ 2
δp+21 <
s
t
m¯rt , since λ2 ≤ 0, λ3 > 0, (5.20)
which implies (5.19). Now we use (5.19) to prove that the dichotomy will not happen. In fact, if
0 < ‖u‖2L2 < c. Denote c1 := ‖u‖2L2 and cn := ‖vn − u‖2L2 , thus by
‖vn‖2L2 = ‖vn − u‖2L2 + ‖u‖2L2 + o(1), ‖vn‖2X0 = ‖vn − u‖2X0 + ‖u‖2X0 + o(1),
we see that u ∈ S¯(c1) ∩B(r) and vn − u ∈ S¯(cn) ∩B(r). Then by (5.19),
m¯rc = Eb(un) + o(1) = Eb(vn − u) + Eb(u) + o(1)
≥ m¯rcn + m¯rc1 + o(1)
= m¯rc−c1 + m¯
r
c1
>
c− c1
c
m¯rc +
c1
c
m¯rc = m¯
r
c,
which is clearly a contradiction. Therefore ‖u‖2L2 = c. Namely vn → u in L2. Thus following the
arguments in the proof of Lemma 5.2, we can prove further that vn → u in X. At this point, the
proof is completed. 
6. Strong instability of standing waves with partial confine
In this section, we study the existence and strong instability of standing waves for (1.3). We
first prove Proposition 1.9. In order to solve the minimization problem (1.24), we consider the
following minimization problem:
d˜K(ω) := inf{S˜b,ω(v) : v ∈ X\{0}, Kb,ω(v) ≤ 0}, (6.1)
where
S˜b,ω(v) :=Sb,ω(v)− Kb,ω(v)
3p+ 3
=
3p− 2
6p+ 6
‖∇u‖2L2 +
3pω
6p+ 6
∫
R3
|u|2dx+ λ1 3p− 1
6p+ 6
∫
R3
|u|2
|x| dx
+ b2
3p+ 2
6p+ 6
∫
R3
(x21 + x
2
2)|u|2dx+ λ2
3p − 4
12p + 12
∫
R3
(|x|−1 ∗ |u|2)|u|2dx. (6.2)
If Kb,ω(v) < 0, then we have Kω(λv) > 0 for sufficiently small λ > 0. Thus, there exists λ0 ∈ (0, 1)
such that Kb,ω(λ0v) = 0. Moreover, it follows that
S˜b,ω(λ0v) < S˜b,ω(v).
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This implies that
d˜K(ω) = inf{S˜b,ω(v) : v ∈ X\{0}, Kb,ω(v) = 0} = dK(ω). (6.3)
Lemma 6.1. Let λ1, λ2 ≥ 0, λ3 > 0, ω > 0 and 43 ≤ p < 4. Then there exists u ∈ X\{0},
Kb,ω(u) = 0 and S˜b,ω(u) = d˜K(ω).
Proof. We first show that d˜K(ω) > 0. For any v ∈ X \ {0} satisfying Kb,ω(v) ≤ 0, we have
5
2
‖∇v‖2L2 +
3ω
2
∫
R3
|v|2dx+ b
2
2
∫
R3
(x21 + x
2
2)|v|2dx+ 2λ1
∫
R3
|v|2
|x| dx
+
7λ2
4
∫
R3
(|x|−1 ∗ |v|2)|v|2dx ≤ λ3(3p + 3)
p+ 2
‖v‖p+2Lp+2 , (6.4)
which implies that
1
2
Hb,ω(v) ≤ λ3(3p + 3)
p+ 2
Hb,ω(v)
p
2
+1,
where Hb,ω(v) = ‖∇v‖2L2 + ω‖v‖2L2 + b2
∫
R3
(x21 + x
2
2)|v|2dx. Thus, there exists C0 > 0 such that
Hb,ω(v) > C0 for all Kb,ω(v) ≤ 0. This implies that there exists C1 > 0 such that
S˜b,ω(v) ≥3p − 2
6p + 6
‖∇v‖2L2 +
3pω
6p+ 6
∫
R3
|v|2dx+ 3p + 2
6p + 6
∫
R3
(x21 + x
2
2)|v|2dx ≥ C1.
Taking the infimum over v, we get d˜K(ω) > 0.
We now show the minimizing problem (6.1) is attained. Let {vn} be a minimizing sequence for
(6.1), i.e., {vn} ⊂ X\{0}, Kb,ω(vn) ≤ 0 and S˜b,ω(vn) → d˜K(ω) as n → ∞. Thus, there exists N
such that S˜b,ω(vn) ≤ d˜K(ω) + 1 for all n > N . This implies that {vn} is bounded in X.
Next, we claim that lim infn→∞ ‖vn‖p+2Lp+2 > 0. Indeed, if there exists a subsequence, still denoted
by {vn}, such that ‖vn‖p+2Lp+2 → 0 as n → ∞, then by Kb,ω(vn) ≤ 0, we deduce from (6.4) that
S˜b,ω(vn)→ 0. This contradicts with the fact that S˜b,ω(vn)→ d˜K(ω) > 0.
Thus, we obtain
lim inf
n→∞ ‖vn‖
p+2
Lp+2 > 0,
for all 43 ≤ p < 4. Therefore, applying Lemma 2.5, there exist a sequence {zn} ⊂ R and u ∈ X\{0},
such that, up to a subsequence,
vn(x1, x2, x3 − zn)⇀ u, in X.
Moreover, we deduce from the Brezis-Lieb lemma(Lemma 2.2) and Lemma 2.3 that
Kb,ω(vn)−Kb,ω(vn − u)−Kb,ω(u)→ 0, (6.5)
and
S˜b,ω(vn)− S˜b,ω(vn − u)− S˜b,ω(u)→ 0. (6.6)
Now, we claim that Kb,ω(u) ≤ 0. If not, it follows from (6.5) and Kω(vn) ≤ 0 that Kb,ω(vn−u) ≤ 0
for sufficiently large n. Thus, by the definition of d˜K(ω), it follows that
S˜b,ω(vn − u) ≥ d˜K(ω),
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which, together with S˜b,ω(vn)→ d˜K(ω), implies that
S˜b,ω(u) ≤ 0,
which is a contradiction with S˜b,ω(u) > 0. We thus obtain Kb,ω(u) ≤ 0.
Furthermore, we deduce from the definition of d˜K(ω) and the weak lower semicontinuity of norm
that
d˜K(ω) ≤ S˜b,ω(u) ≤ lim inf
n→∞ S˜b,ω(vn) = d˜K(ω).
This yields that
S˜b,ω(u) = d˜K(ω).
Finally, by a similar argument as (6.3), we can show that Kb,ω(u) = 0. This completes the
proof. 
By the fact dK(ω) = d˜K(ω) and this lemma, we can obtain the existence of the minimizing
problem (1.24).
Corollary 6.2. Let λ1, λ2 ≥ 0, λ3 > 0, ω > 0 and 43 ≤ p < 4. Then there exists u ∈ X\{0},
Kb,ω(u) = 0 and Sb,ω(u) = dK(ω).
By a similar argument as Lemma 3.5, we can obtain that the minimizer of (1.24) is indeed the
solution of (1.4).
Lemma 6.3. Let λ1, λ2 ≥ 0, λ3 > 0, ω > 0 and 43 ≤ p < 4. Assume that u ∈ X\{0} such that
Kb,ω(u) = 0 and Sb,ω(u) = dK(ω). Then S
′
b,ω(u) = 0.
Proof of Proposition 1.9. We now denote the set of all minimizers of (1.24) by
Mb,ω := {u ∈ X\{0}, Sb,ω(u) = dK(ω), Kω(u) = 0}.
Then, by the similar argument as that in Lemma 3.6, it easily follows that Mb,ω = Gb,ω, where
Gb,ω is the set of ground states of (1.4). We consequently obtain Proposition 1.9. 
Next, we prove that the cross-manifold N defined by (1.25) is not empty.
Lemma 6.4. Let λ1, λ2 ≥ 0, λ3 > 0, ω > 0, 43 ≤ p < 4 and u be the ground state related to (1.4).
When 43 ≤ p < 2, assume further that ∂2λSb,ω(uλ)|λ=1 ≤ 0 with uλ = λ
3
2u(λx). Then N is not
empty.
Proof. We firstly consider the case 2 ≤ p < 4. Let u ∈ X be the ground state related to (1.4), it
follows from Lemma 2.6 that Kb,ω(u) = 0 and Qb(u) = 0. We see from (2.2) that
5λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx < 3λ3
p+ 2
‖u‖p+2Lp+2 .
This, together with Qb(u) = 0, implies that
‖∇u‖2L2 − b2
∫
R3
(x21 + x
2
2)|v|2dx+
λ1
2
∫
R3
|u|2
|x| dx > 0.
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We consequently obtain that
Kb,ω(λu) < 0 and Qb(λu) < 0,
for all λ > 1. Now, we let v = λu and vµ(x) = µ
2
p v(µx). It easily follows that
Kb,ω(vµ) =µ
4
p
−1
(
5
2
‖∇v‖2L2 −
λ3(3p + 3)
p+ 2
‖v‖p+2Lp+2
)
+
3ω
2
µ
4
p
−3
∫
R3
|v|2dx+ 2λ1µ
4
p
−2
∫
R3
|v|2
|x| dx
+
b2
2
µ
4
p
−5
∫
R3
(x21 + x
2
2)|v|2dx+
7λ2
4
µ
8
p
−5
∫
R3
(|x|−1 ∗ |v|2)|v|2dx
≤µ 4p−1Kb,ω(v) < 0, (6.7)
for all µ > 1. Next, we define
f(λ, µ) := Qb(vµ) = µ
4
p
−1
(g(λ, µ) − µ−4λ2g(1, 1)), (6.8)
where
g(λ, µ) = λ2‖∇u‖2L2 +
λ1µ
−1λ2
2
∫
R3
|u|2
|x| dx+
λ2µ
4
p
−4
λ4
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3p
∗λp+2
p+ 2
‖u‖p+2Lp+2 ,
with p∗ = 3p2 . Due to g(1, 1) > 0, there exists δ > 0 such that g(λ, µ) > 0 for all 1 ≤ λ < 1+ δ and
1 ≤ µ < 1+δ. This, together with f(1, 1) = 0 implies that there exists (λ0, µ0) with λ0 > 1, µ0 > 1,
such that f(λ0, µ0) > 0. On the other hand, we have f(λ0, 1) < 0. Therefore, there exists µ∗ > 1
such that Qb(vµ∗) = 0. Thus, vµ∗ ∈ N .
We firstly consider the case 43 ≤ p < 2. Let u ∈ X be the ground state related to (1.4), it follows
from Lemma 2.6 that Kb,ω(u) = 0 and Qb(u) = 0. Set uλ = λ
3
2u(λx), we define
f(λ) := Sb,ω(uλ) =
λ2
2
‖∇u‖2L2 +
ω
2
∫
R3
|u|2dx+ λ
−2b2
2
∫
R3
(x21 + x
2
2)|u|2dx+
λ1λ
2
∫
R3
|u|2
|x| dx
+
λ2λ
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3λ
p∗
p+ 2
‖u‖p+2Lp+2 ,
g(λ) := Kb,ω(uλ) =
5λ2
2
‖∇u‖2L2 +
3ω
2
∫
R3
|u|2dx+ λ
−2b2
2
∫
R3
(x21 + x
2
2)|u|2dx+ 2λ1λ
∫
R3
|u|2
|x| dx
+
7λ2λ
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3(3p + 3)λ
p∗
p+ 2
‖u‖p+2Lp+2 . (6.9)
Note that
f ′′(λ) = ‖∇u‖2L2 + 3λ−4b2
∫
R3
(x21 + x
2
2)|u|2dx−
λ3p
∗(p∗ − 1)λp∗−2
p+ 2
‖u‖p+2Lp+2 , (6.10)
which, together with f ′′(1) ≤ 0, implies that f ′′(λ) < 0 for all λ > 1. We consequently obtain that
1
λ
h(λ) = f ′(λ) < f ′(1) = 0,
for all λ > 1, where h(λ) := Qb(uλ). On the other hand, from
g′′(λ) = 5‖∇u‖2L2 + 3λ−4b2
∫
R3
(x21 + x
2
2)|u|2dx−
λ3(3p + 3)p
∗(p∗ − 1)λp∗−2
p+ 2
‖u‖p+2Lp+2 , (6.11)
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Kb,ω(u) = 0 and f
′′(1) ≤ 0, we can obtain that g′′(1) < 0. It consequently follows that g′′(λ) < 0
for all λ ≥ 1. Moreover, we deduce from (2.1) and Qb(u) = 0 that
g′(1) =5‖∇u‖2L2 − b2
∫
R3
(x21 + x
2
2)|u|2dx+ 2λ1
∫
R3
|u|2
|x| dx
+
7λ2
4
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3(3p + 3)p
∗
p+ 2
‖u‖p+2Lp+2
≤4‖∇u‖2L2 + 4λ1
∫
R3
|u|2
|x| dx+ 4λ2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3(3p + 2)p
∗
p+ 2
‖u‖p+2Lp+2 < 0.
Combining the above estimates, we obtain
Kb,ω(uλ) < 0 and Qb(uλ) < 0, (6.12)
for all λ > 1.
Now, we let v = uλ and vµ(x) = µ
2
p v(µx). By a similar argument as the case 2 ≤ p < 4, there
exists µ∗ > 1, Qb(vµ∗) = 0 and Kb,ω(vµ∗) < 0. Thus, vµ∗ ∈ N . 
Lemma 6.5. Let λ1, λ2 ≥ 0, λ3 > 0, ω > 0, 43 ≤ p < 4. Then, α(ω) > 0, where α(ω) is defined by
(1.26).
Proof. Let v ∈ N . From Kb,ω(v) < 0, we have v 6= 0. From Qb(v) = 0, we have
Sb,ω(v) =Sb,ω(v)− 2
3p
Qb(v) =
3p− 4
6p
‖∇v‖2L2 +
ω
2
‖v‖2L2 + b2
3p+ 4
6p
∫
R3
(x21 + x
2
2)|v|2dx
+
λ1(3p− 2)
6p
∫
R3
|v|2
|x| dx+
λ2(3p − 2)
12p
∫
R3
(|x|−1 ∗ |v|2)|v|2dx. (6.13)
Since 43 ≤ p < 4, it follows from (6.13) and v 6= 0 that Sω(v) > 0 for all v ∈ N . Thus α(ω) ≥ 0. In
the following, we shall show by contradiction that α(ω) 6= 0, which then completes the proof.
Indeed, if α(ω) = 0 happened, then from (6.13) there were a sequence {vn} ⊂ N such that
Qb(vn) = 0, Kb,ω(vn) < 0, and Sb,ω(vn)→ 0 as n→∞. Since p ≥ 43 , (6.13) implies that
‖vn‖2L2 → 0,
∫
R3
(x21 + x
2
2)|vn|2dx→ 0, (6.14)
∫
R3
|vn|2
|x| dx→ 0, and
∫
R3
(|x|−1 ∗ |vn|2)|vn|2dx→ 0,
as n→∞. On the other hand, it follows from Kω(vn) < 0 that
1
2
(
‖∇vn‖2L2 + ω‖vn‖2L2 + b2
∫
R3
(x21 + x
2
2)|vn|2dx
)
<
λ3(3p + 3)
p+ 2
‖vn‖p+2Lp+2 ≤ C3‖∇vn‖
3p
2
L2‖vn‖
4−p
2
L2 .
This implies that
1
2
‖∇vn‖2L2 ≤ C3‖∇vn‖
3p
2
L2‖vn‖
4−p
2
L2 ,
or equivalently
1
2
≤ C3‖∇vn‖
3p−4
2
L2 ‖vn‖
4−p
2
L2 ,
which is an contradiction with (6.14), since 43 ≤ p < 4. 
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Proof of Lemma 1.10. Firstly, by a similar argument as Theorem 1.2, we can prove that the
set Kω is invariant under the flow of (1.3), so we omit it.
Next, we prove the key estimate (1.28). Fix t ∈ [0, T ∗), and denote ψ = ψ(t). Thus ψ satisfies
that Sb,ω(ψ) < Sω(u), Kb,ω(ψ) < 0 and Qb(ψ) < 0. For λ > 0, let ψλ = λ
3
p+2ψ(λx), it easily
follows that
Kb,ω(ψλ) =
5
2
λ
4−p
p+2‖∇u‖2L2 +
3ω
2
λ
−3p
p+2
∫
R3
|u|2dx+ b
2
2
λ
−5p−4
p+2
∫
R3
(x21 + x
2
2)|u|2dx
+ 2λ1λ
2−2p
p+2
∫
R3
|u|2
|x| dx+
7λ2
4
λ
2−5p
p+2
∫
R3
(|x|−1 ∗ |u|2)|u|2dx− λ3(3p + 3)
p+ 2
‖u‖p+2Lp+2 ,
Qb(ψλ) =λ
4−p
p+2 ‖∇ψ‖2L2 − λ
−5p−4
p+2 b2
∫
R3
(x21 + x
2
2)|ψ|2dx+
λ1λ
2−2p
p+2
2
∫
R3
|ψ|2
|x| dx
+
λ2λ
2−5p
p+2
4
∫
R3
(|x|−1 ∗ |ψ|2)|ψ|2dx− 3λ3p
2(p + 2)
‖ψ‖p+2Lp+2 .
Thus, Qb(ψ) < 0 implies that there exists λ∗ > 1 such that Qb(ψλ∗) = 0, and Qb(ψλ) < 0 for all
λ ∈ [1, λ∗). For λ ∈ [1, λ∗], due to Kω(ψ) < 0, Kω(ψλ) has the following two possibilities:
(i) Kb,ω(ψλ) < 0 for all λ ∈ [1, λ∗].
(ii) There exists µ ∈ (1, λ∗] such that Kb,ω(ψµ) = 0.
For the case (i), we have Qb(ψλ∗) = 0 and Kb,ω(ψλ∗) < 0. This implies that Sb,ω(ψλ∗) ≥ α(ω) ≥
Sb,ω(u). Moreover, we have
Sb,ω(ψ)− Sb,ω(ψλ) =1
2
(1− λ 4−pp+2 )‖∇ψ‖2L2 +
ω
2
(1− λ−3pp+2 )
∫
R3
|ψ|2dx
+
b2
2
(1− λ−5p−4p+2 )
∫
R3
(x21 + x
2
2)|ψ|2dx+
λ1
2
(1− λ 2−2pp+2 )
∫
R3
|u|2
|x| dx
+
λ2
4
(1− λ 2−5pp+2 )
∫
R3
(|x|−1 ∗ |ψ|2)|ψ|2dx, (6.15)
and
Qb(ψ)−Qb(ψλ) =(1− λ
4−p
p+2 )‖∇ψ‖2L2 − (1− λ
−5p−4
p+2 )b2
∫
R3
(x21 + x
2
2)|ψ|2dx
+
λ1
2
(1− λ 2−2pp+2 )
∫
R3
|ψ|2
|x| dx+
λ2
4
(1− λ 2−5pp+2 )
∫
R3
(|x|−1 ∗ |ψ|2)|ψ|2dx. (6.16)
Thus, it follows from 43 ≤ p < 4 and λ∗ > 1 that
Sb,ω(ψ) − Sb,ω(ψλ∗) ≥
1
2
(Qb(ψ)−Qb(ψλ∗)) =
1
2
Qb(ψ). (6.17)
For the case (ii), we have Kb,ω(ψµ) = 0 and Qb(ψµ) ≤ 0. Applying Proposition 1.9, it follows that
Sb,ω(ψµ) ≥ Sb,ω(u). And referring to (6.15) and (6.16), we can obtain
Sb,ω(ψ)− Sb,ω(ψµ) ≥ 1
2
(Qb(ψ)−Qb(ψµ)) ≥ 1
2
Qb(ψ). (6.18)
Since Sb,ω(ψλ∗) ≥ Sω(u) and Sb,ω(ψµ) ≥ Sb,ω(u), from (6.17) and (6.18), we all get
Qb(ψ(t)) ≤ 2(Sb,ω(ψ0)− Sb,ω(u)),
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for all t ∈ [0, T ∗). This completes the proof. 
Proof of Theorem 1.11. When 43 ≤ p < 2, let u be the ground state related to (1.4), under the
assumption ∂2λSb,ω(uλ)|λ=1 ≤ 0 with uλ(x) = λ
3
2u(λx), we see from (6.12) that
Sb,ω(uλ) < Sb,ω(u), Kb,ω(uλ) < 0, Qb(uλ) < 0,
for all λ > 1.
Due to uλ → u in X as λց 1, for every ε > 0, there exists λ0 > 1 such that ‖uλ0 − u‖X < ε/2.
Let χ ∈ C∞[0,∞) be a function satisfying 0 ≤ χ ≤ 1, χ(r) = 1 if 0 ≤ r ≤ 1, and χ(r) = 0 if r ≥ 2.
For M > 0, we define a cutoff function χM ∈ C∞c (R3) by χM (x) = χ(|x|/M). Then we see that
χMuλ0 → uλ0 in X as M → ∞. Moreover, we have χMuλ0 ∈ Σ. Therefore, by the continuity of
Sb,ω, Kb,ω and Qb, there exists M0 > 0 such that ‖χM0uλ0 − uλ0‖X < ε/2 and χM0uλ0 ∈ Σ ∩ K.
Thus, we obtain ‖χM0uλ0 − u‖X < ε.
Let ψλ0(t) be the maximal solution of (1.3) with the initial data χM0uλ0 ∈ Σ ∩ K. Then, by a
classical argument and Lemma 1.10, it follows that ψλ0(t) ∈ Σ ∩ K and
d2
dt2
∫
R3
|xψλ0(t, x)|2dx = 8Qb(ψλ0(t)) ≤ 16(Sb,ω(χM0uλ0)− Sb,ω(u)) < 0,
for all t ∈ [0, T ∗). This implies that the solution ψλ0(t) of (1.3) with the initial data χM0uλ0 blows
up in finite time. Hence, the result follows, since for any ε > 0, there exist M0 > 0 and λ0 such
that ‖χM0uλ0 − u‖X < ε.
When 2 ≤ p < 4, we see from Lemma 6.2 that
Sb,ω(λu) < Sb,ω(u), Kb,ω(λu) < 0 and Qb(λu) < 0,
for all λ > 1. Therefore, we can prove the strong instability along the above lines by replacing uλ0
by λ0u. This completes the proof. 
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